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Channel Coding for AWGN Channel: Model and Definitions

W - f -
X n

��
��

+

?

Zn

-Y n
φ -Ŵ

W ∼ Unif(M) where M := [M];

Zn: Zi ∼ N (0, 1) for all i ∈ [n];

Power constraint:
1

n

n∑
i=1

X 2
i ≤ P

(n,M,P)-code consists of f :M→ X n and φ : Yn →M
Non-asymptotic fundamental limit:

M∗(n,P, ε) := sup{M : ∃ an (n,M,P)-code s.t. Pr{Ŵ 6= W } ≤ ε}.
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Channel Coding for AWGN Channel: Existing Results
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φ -Ŵ

Tomamichel-Tan showed that for any ε ∈ [0, 1),

logM∗(n,P, ε) := nC(P)−
√

nV(P)Q−1(ε) +
1

2
log n + O(1),

where the Gaussian capacity (Shannon 1948) and Gaussian dispersion
function (Hayashi 2009, PPV 2010) are resp.

C(P) =
1

2
log(1 + P), V(P) =

P(P + 2)

2(P + 1)2
.
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Channel Coding: Mismatched Setting
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Channel Coding: Mismatched Setting1

W - f -
X n(W )

��
��

+

?

Zn

-Y n
φ -Ŵ

Non-Gaussian noise Zn: Zi ∼ PZ such that E[Z 2] = 1;

Random Gaussian codebook {X n(1), . . . ,X n(M)};

1A. Lapidoth. “Nearest neighbor decoding for additive non-Gaussian noise channels,”
IEEE Trans. on Inform. Th., 42(5):1520-1529, 1996.
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Channel Coding: Mismatched Setting1

W - f -
X n(W )

��
��

+

?

Zn

-Y n
φ -Ŵ

Fixed coding scheme

Encoding: Given W , the encoder outputs channel input X n(W );
Minimum distance decoding: Given Y n, the decoder outputs Ŵ if

Ŵ = arg min
w̃∈M

‖X n(w̃)− Y n‖22.

1A. Lapidoth. “Nearest neighbor decoding for additive non-Gaussian noise channels,”
IEEE Trans. on Inform. Th., 42(5):1520-1529, 1996.
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Encoding: Given W , the encoder outputs channel input X n(W );
Minimum distance decoding: Given Y n, the decoder outputs Ŵ if

Ŵ = arg min
w̃∈M

‖X n(w̃)− Y n‖22.

Ensemble error probability

Pe,n(M) := Pr{Ŵ 6= W }
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Channel Coding: Mismatched Setting1
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Non-asymptotic fundamental limit: for any ε ∈ [0, 1), let

M∗(n,P, ε) := sup{M : Pe,n(M) ≤ ε}.

Lapidoth showed that

lim
n→∞

1

n
logM∗(n,P, ε) = C(P) =

1

2
log(1 + P).
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Channel Coding: Dispersion for Mismatched Setting2

Consider PZ s.t. E[Z 2] = 1 and ζc := E[Z 4] <∞

Mismatched dispersions:

Vsp(P, ζc) :=
P2(ζc − 1) + 4P

4(P + 1)2
, Spherical Gaussian codebook

Viid(P, ζc) := Vsp(P, ζc) +
P2

2(P + 1)2
i.i.d. Gaussian codebook;

Theorem 1 (Scarlett-Tan-Durisi 2017)

For any † ∈ {sp, iid} and any ε ∈ [0, 1),

logM∗† (n,P, ε) = nC(P)−
√
nV†(P, ζc)Q−1(ε) + O(log n).

2“The dispersion of nearest-neighbor decoding for additive Non-Gaussian channels”,
J. Scarlett, V. Y. F. Tan, and G. Durisi, IEEE Trans. Inf. Theory, vol. 63, no. 1, pp.
8192, 2017.
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Channel Coding: Remarks for Mismatched Setting

Theorem 2 (Scarlett-Tan-Durisi 2017)

For any † ∈ {sp, iid} and any ε ∈ [0, 1),

logM∗† (n,P, ε) = nC(P)−
√

nV†(P, ζc)Q−1(ε) + O(log n).

V† depend on PZ only through the second and fourth moment;

For Gaussian noise
Vsp(n,P, ε) = V(P)

recovers the second-order coding rate for AWGN channels (cf.
Hayashi 2009 and PPV 2010);

Spherical Gaussian codebook outperforms the i.i.d. Gaussian
codebook for ε ∈ [0, 0.5).
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Channel Coding: Intuition for Mismatched Dispersions

The “mismatched” information density

ı̃(xn; yn) := C(P) +
‖yn‖22

2(P + 1)
− ‖y

n − xn‖22
2

;

where xn obeys an i.i.d. or spherical Gaussian distribution.

Dominant error event governed by the cumulative distribution
function of ı̃(X n;Y n), i.e.,

Pr{ı̃(X n;Y n) ≤ γ},

which depends on the codebook distribution, i.e., PX n ;

Spherical codebook implies exact power P while i.i.d. Gaussian
codebook corresponds to average power P
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Rate-Distortion Problem: Model and Definitions

Sk - f -W ∈ M
φ - (Ŝk ,D)

Memoryless Source: Sk is i.i.d. according to PS on S;

Reproduced Sequence Ŝk ∈ Ŝk ;

Distortion measure:

d(sk , ŝk) :=
1

k

k∑
i=1

d(si , ŝi );

(k,M)-code consists of f : Sk → [M] and φ : [M]→ Ŝk ;

Nonasymptotic fundamental limit:

M∗(k,D, ε) := inf{M : ∃ (k ,M)−code s.t. Pr{d(Sk , Ŝk) > D} ≤ ε}.
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Distortion measure:

d(sk , ŝk) :=
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Nonasymptotic fundamental limit:

M∗(k,D, ε) := inf{M : ∃ (k ,M)−code s.t. Pr{d(Sk , Ŝk) > D} ≤ ε}.
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φ - (Ŝk ,D)

Memoryless Source: Sk is i.i.d. according to PS on S;

Reproduced Sequence Ŝk ∈ Ŝk ;

Distortion measure:

d(sk , ŝk) :=
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Rate-Distortion Problem: Existing Results for GMS

Sk - f -W ∈ [M]
φ - (Ŝk ,D)

Kostina and Verdú3 showed that for any Gaussian memoryless sources (i.e.,
PS = N (0, σ2)) under the quadratic distortion measure, for any ε ∈ (0, 1),

logM∗(k ,D, ε) = kR(σ2,D) +

√
k

2
Q−1(ε) + O(log k),

where the Gaussian rate-distortion function (cf. Shannon 1948) is

R(σ2,D) = max

{
1

2
log

σ2

D
, 0

}
.

3V. Kostina and S. Verdú, “Fixed-length lossy compression in the finite blocklength
regime,” IEEE Trans. Inf. Theory, vol. 58, no. 6, pp. 3309-3338, 2012
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Rate-Distortion: Mismatched Setting
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Rate-Distortion: Mismatched Setting4

Sk - f -W ∈M
φ - Ŝk(W )

Consider arbitrary source distribution PS s.t. E[S2] = σ2 > D;

Consider quadratic distortion measure, i.e., d(sk , ŝk) = ‖sk − ŝk‖22;

Fixed Gaussian codebook with M codewords Ŝk(1), . . . , Ŝk(M)

4“On the role of mismatch in rate distortion theory”, A. Lapidoth, IEEE Trans. Inf.
Theory, vol. 43, no. 1, pp. 38-47, 1997.
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Rate-Distortion: Mismatched Setting4

Sk - f -W ∈M
φ - Ŝk(W )

Fixed coding scheme

Minimum distance encoding: Given Sk , the encoder f outputs W if

W = arg min
w̃∈M

‖Sk − Ŝk(w̃)‖2;

Decoding: Given W , the decoder φ declares Ŝk(W ) as the estimate.

Ensemble excess-distortion probability

Pe,k(M,D) := Pr{d(Sk , Ŝk(W )) > D}

4“On the role of mismatch in rate distortion theory”, A. Lapidoth, IEEE Trans. Inf.
Theory, vol. 43, no. 1, pp. 38-47, 1997.
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Rate-Distortion: Mismatched Setting4

Sk - f -W ∈M
φ - Ŝk(W )

Non-asymptotic fundamental limit:

M∗sp(k , ε, σ2,D) := inf{M : Pe,k(M,D) ≤ ε}.

Lapidoth showed that for any ε ∈ [0, 1),

lim
n→∞

1

n
logM∗sp(k , ε, σ2,D) = R(σ2,D) =

1

2
log

σ2

D
.

4“On the role of mismatch in rate distortion theory”, A. Lapidoth, IEEE Trans. Inf.
Theory, vol. 43, no. 1, pp. 38-47, 1997.
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φ - Ŝk(W )

Non-asymptotic fundamental limit:

M∗sp(k , ε, σ2,D) := inf{M : Pe,k(M,D) ≤ ε}.

Similarly, we define M∗iid(k, ε, σ2,D).
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Dispersion for Mismatched Rate-Distortion Problem

Any source distribution PS s.t. E[S2] = σ2 > D and ζs := E[S4] <∞

Mismatched distortion-dispersion function

V(σ2, ζs) :=
ζs − σ4

4σ4
=

Var[S2]

4(E[S2])2
.

Theorem 3 (Zhou-Tan-Motani 2017)

For any ‡ ∈ {sp, iid} and any ε ∈ [0, 1),

logM∗‡ (k , ε, σ2,D) = kR(σ2,D) +
√
kV(σ2, ζs)Q

−1(ε) + O(log k).
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.
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Spherical and i.i.d. Gaussian codebooks achieve the same
second-order asymptotics/dispersion

Intuition: dominant error event is the atypicality of X n:
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{
1

n

n∑
i=1

X 2
i > a

}

and the exact nature of the Gaussian codebooks play a diminished role

Vincent Tan (NUS) On Dispersion and Mismatched Decoding JSWCIT, NTU 15 / 20



Remarks for Mismatched Dispersion

Theorem 4 (Zhou-Tan-Motani 2017)

For any ‡ ∈ {sp, iid} and any ε ∈ [0, 1),

logM∗‡ (k , ε, σ2,D) = kR(σ2,D) +
√
kV(σ2, ζs)Q

−1(ε) + O(log k).

For a Gaussian source we recover Kostina and Verdú (TIT 2012);
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JSCC of Transmitting a GMS over an AWGN Channel

Sk - f -X n

��
��

+

?

Zn

-Y n
φ - Ŝk

Sk i.i.d. ∼ N (0, σ2) and Zn i.i.d. ∼ N (0, 1);

An (k , n,P)-code consists of one encoder f : Sk → X n and one
decoder φ : Yn → Ŝk s.t.

1

n

n∑
i=1

X 2
i ≤ P;

Non-asymptotic fundamental limit

k∗(n, ε,D) := sup{k : ∃ an (k, n)−code s.t. Pr{d(Sk , Ŝk) > D} ≤ ε}.
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JSCC of Transmitting a GMS over an AWGN Channel6

Sk - f -X n

��
��

+

?

Zn

-Y n
φ - Ŝk

Kostina and Verdú showed that for any ε ∈ [0, 1),

k∗(n, ε,D) =
nC(P)

R(σ2,D)
−

√
nV(P) + k

2

(R(σ2,D))2
Q−1(ε) + O(log n).

6V. Kostina and S. Verdú, “Lossy joint source-channel coding in the finite
blocklength regime,” IEEE Trans. Inf. Theory, vol. 59, no. 5, pp. 25452575,2013.
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Mismatched JSCC: Problem Setting and Definitions

Arbitrary Source

Sk -

Encoder f

Source Type

Partition
-I Min Distance

Encoding

X n(I , J)

Gaussian Codebook
for Channel Input

?

��
��

+ � Zn

Arbitrary Noise

� Y n

Decoding
Modified NN�(Î , Ĵ)

Reproduction
Source�

Ŝk(Î , Ĵ)

for Source Reproduction
Gaussian Codebook

Decoder φ

Transmit any memoryless source over an additive arbitrary noise
channel using coding scheme optimized for GMS over AWGN

Arbitrary memoryless source: Sk i.i.d. according to any PS s.t.
E[S2] = σ2 and ζs = E[S4] <∞

Arbitrary i.i.d. noise: Z n i.i.d. according to any distribution PZ s.t.
E[Z 2] = 1 and ζc = E[Z 4] <∞
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Arbitrary Noise

� Y n

Decoding
Modified NN�(Î , Ĵ)

Reproduction
Source�

Ŝk(Î , Ĵ)

for Source Reproduction
Gaussian Codebook

Decoder φ

Random Gaussian codebooks
Channel codebook for channel input

spherical
i.i.d.

Source codebook for source reproduction

spherical
i.i.d.
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A (k , n)-code consists of an encoder f and a decoder φ

Encoder f uses modified minimum distance encoding
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Ŝk(Î , Ĵ)

for Source Reproduction
Gaussian Codebook

Decoder φ

A (k , n)-code consists of an encoder f and a decoder φ

Encoder f uses modified minimum distance encoding

Source partition: Fix integer N and let {Ti}i∈[N] be partition Sk ;

Source Codebook: Let {Mi}i∈[N] be a sequence of integers. For each

i ∈ [N], let {Ŝk(i , j̃)}j̃∈[Mi ]
be a sub-codebook
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Encoder f

Source Type

Partition
-I Min Distance

Encoding
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?

��
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+ � Zn

Arbitrary Noise

� Y n

Decoding
Modified NN�(Î , Ĵ)

Reproduction
Source�

Ŝk(Î , Ĵ)

for Source Reproduction
Gaussian Codebook

Decoder φ

A (k , n)-code consists of an encoder f and a decoder φ

Encoder f uses modified minimum distance encoding

Given Sk , if Sk /∈ Ti for any i ∈ [N], the encoder f declares an error
Otherwise, if Sk ∈ Ti for some i ∈ [N], the encoder f transmits
X n(I , J) using modified minimum distance encoding, i.e.,

J = arg min
j̃∈[MI ]

‖Sk , Ŝk(I , j̃)‖2.
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Encoder f

Source Type

Partition
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Encoding
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?

��
��

+ � Zn

Arbitrary Noise

� Y n

Decoding
Modified NN�(Î , Ĵ)

Reproduction
Source�

Ŝk(Î , Ĵ)

for Source Reproduction
Gaussian Codebook

Decoder φ

Decoder φ employs the modified nearest neighbor decoding

For simplicity, let D := {(r , s) ∈ N2 : r ∈ [N], s ∈ [Mr ]};

Given channel output Y n, the decoder φ declares Ŝk(Î , Ĵ) as the source
estimate if

(Î , Ĵ) = arg min
(ĩ,j̃)∈D

‖X n(ĩ , j̃)− Y n‖22 + 2 logMĩ .
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Ŝk(Î , Ĵ)
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(Î , Ĵ) = arg min
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Mismatched JSCC: Problem Setting and Definitions
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Source Type

Partition
-I Min Distance

Encoding
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��
��
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Arbitrary Noise

� Y n

Decoding
Modified NN�(Î , Ĵ)

Reproduction
Source�
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for Source Reproduction
Gaussian Codebook

Decoder φ

Ensemble excess-distortion probability

Pe,k,n(D) := Pr{d(Sk , φ(f (Sk)) > D}
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Mismatched JSCC: Problem Setting and Definitions
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Source Type
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Encoding
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��
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Arbitrary Noise
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Fundamental limit: for any ε ∈ [0, 1),

k∗sp,sp(n, ε,D) := sup{k : Pe,k,n(D) ≤ ε}.
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Ŝk(Î , Ĵ)

for Source Reproduction
Gaussian Codebook

Decoder φ

Fundamental limit: for any ε ∈ [0, 1),

k∗sp,sp(n, ε,D) := sup{k : Pe,k,n(D) ≤ ε}.

Similarly, we define k∗sp,iid(n, ε,D), k∗iid,sp(n, ε,D) and k∗iid,iid(n, ε,D).
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Dispersion for Mismatched JSCC: Preliminaries

Optimal bandwidth expansion ratio

ρ∗(P, σ2,D) =
C(P)

R(σ2,D)
=

1
2 log(1 + P)

1
2 log σ2

D

;

Joint source-channel mismatched dispersions: for any † ∈ {sp, iid},

V†(σ
2, ζs,P, ζc) :=

ρ∗(P, σ2,D)V(σ2, ζs) + V†(P, ζc)

(R(σ2,D))2
,

where V(σ2, ζs) (resp. V†(P, ζc)) is the source (resp. channel)
dispersion.
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Dispersion for Mismatched JSCC: Main Result7

Theorem 5 (Zhou-Tan-Motani 2017)

With proper choices of Ti and Mi for i ∈ [N], for any ε ∈ [0, 1) and any
(‡, †) ∈ {sp, iid}2,
k∗‡,†(n, ε,D) = nρ∗(P, σ2,D)−

√
nV†(σ2, ζs,P, ζc)Q−1(ε) + O(log n).

7L. Zhou, V. Y. F. Tan and M. Motani, “The Dispersion of Universal Joint
Source-Channel Coding for Arbitrary Sources and Additive Channels”, arXiv:1711.11206.
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The second-order asymptotics depend only on the type of the channel
codebook;

Recover the dispersion of transmitting GMS over an AWGN channel
by Kostina and Verdú (TIT 2013) when setting PS = N (0, σ2) and
PZ = N (0, 1);
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Summary

Mismatched channel coding

Spherical Gaussian codebooks outperform i.i.d. Gaussian codebooks in
second-order asymptotics;

Mismatched rate-distortion problem

Spherical and i.i.d. Gaussian codebooks achieve the same second-order
and moderate deviations asymptotics;

Mismatched joint source-channel coding

Fixed coding scheme using UEP, modified minimum distance encoding
and modified nearest neighbor decoding;
Second-order asymptotics depend only on the type of the channel
codebook;
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