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X2,3

t = 3 X3,4

X3,4

t = 4 X4,3

X4,3

t = 5
t = 6

X5,3

X5,3

X6,2

X6,2

X7,1t = 7

X7,1

t = 8 d1(t) = 1 d2(t) = 2 d3(t) = 3 d4(t) = 5

t = 8

i1(t) = X7,1 i2(t) = X6,2 i3(t) = X5,3 i4(t) = X3,4

da(t) : # time instants ago arm a was previously observed w.r.t. time t
ia(t) : last observed state of arm a w.r.t. time t

t = 5



P4 P1 P2 P3

Arm 1 Arm 2 Arm 3 Arm 4

agent 
0
1

1
2

2
3

3
4

4
3

5
3

6
2

7
1

t
a
Xt,a X0,1

X0,1t = 0
X1,2

X1,2

t = 1
t = 2 X2,3

X2,3

t = 3 X3,4

X3,4

t = 4 X4,3

X4,3

t = 5
t = 6

X5,3

X5,3

X6,2

X6,2

X7,1t = 7

X7,1

t = 8 d1(t) = 1 d2(t) = 2 d3(t) = 3 d4(t) = 5

t = 8

i1(t) = X7,1 i2(t) = X6,2 i3(t) = X5,3 i4(t) = X3,4

da(t) : # time instants ago arm a was previously observed w.r.t. time t
ia(t) : last observed state of arm a w.r.t. time t

t = 5 d1(t) = 5 d2(t) = 4 d3(t) = 1 d4(t) = 2



P4 P1 P2 P3

Arm 1 Arm 2 Arm 3 Arm 4

agent 
0
1

1
2

2
3

3
4

4
3

5
3

6
2

7
1

t
a
Xt,a X0,1

X0,1t = 0
X1,2

X1,2

t = 1
t = 2 X2,3

X2,3

t = 3 X3,4

X3,4

t = 4 X4,3

X4,3

t = 5
t = 6

X5,3

X5,3

X6,2

X6,2

X7,1t = 7

X7,1

t = 8 d1(t) = 1 d2(t) = 2 d3(t) = 3 d4(t) = 5

t = 8

i1(t) = X7,1 i2(t) = X6,2 i3(t) = X5,3 i4(t) = X3,4

da(t) : # time instants ago arm a was previously observed w.r.t. time t
ia(t) : last observed state of arm a w.r.t. time t

t = 5 d1(t) = 5 d2(t) = 4 d3(t) = 1 d4(t) = 2
i1(t) = X0,1 i2(t) = X1,2 i3(t) = X4,3 i4(t) = X3,4



P4 P1 P2 P3

Arm 1 Arm 2 Arm 3 Arm 4

agent 
0
1

1
2

2
3

3
4

4
3

5
3

6
2

7
1

t
a
Xt,a X0,1

X0,1t = 0
X1,2

X1,2

t = 1
t = 2 X2,3

X2,3

t = 3 X3,4

X3,4

t = 4 X4,3

X4,3

t = 5
t = 6

X5,3

X5,3

X6,2

X6,2

X7,1t = 7

X7,1

t = 8 d1(t) = 1 d2(t) = 2 d3(t) = 3 d4(t) = 5

t = 8

i1(t) = X7,1 i2(t) = X6,2 i3(t) = X5,3 i4(t) = X3,4

da(t) : # time instants ago arm a was previously observed w.r.t. time t
ia(t) : last observed state of arm a w.r.t. time t

t = 5 d1(t) = 5 d2(t) = 4 d3(t) = 1 d4(t) = 2
i1(t) = X0,1 i2(t) = X1,2 i3(t) = X4,3 i4(t) = X3,4

d(t) = (d1(t), …, dK(t))



P4 P1 P2 P3

Arm 1 Arm 2 Arm 3 Arm 4

agent 
0
1

1
2

2
3

3
4

4
3

5
3

6
2

7
1

t
a
Xt,a X0,1

X0,1t = 0
X1,2

X1,2

t = 1
t = 2 X2,3

X2,3

t = 3 X3,4

X3,4

t = 4 X4,3

X4,3

t = 5
t = 6

X5,3

X5,3

X6,2

X6,2

X7,1t = 7

X7,1

t = 8 d1(t) = 1 d2(t) = 2 d3(t) = 3 d4(t) = 5

t = 8

i1(t) = X7,1 i2(t) = X6,2 i3(t) = X5,3 i4(t) = X3,4

da(t) : # time instants ago arm a was previously observed w.r.t. time t
ia(t) : last observed state of arm a w.r.t. time t

t = 5 d1(t) = 5 d2(t) = 4 d3(t) = 1 d4(t) = 2
i1(t) = X0,1 i2(t) = X1,2 i3(t) = X4,3 i4(t) = X3,4

d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))
AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯
arm pulled at time t

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯

MDP

arm pulled at time t

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯

MDP

arm pulled at time t

state space 𝕊 = {(d, i)}

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯

MDP

arm pulled at time t

state space 𝕊 = {(d, i)}

action space {1,…, K}

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯

MDP

arm pulled at time t

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯

MDP

arm pulled at time t

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

action at time t At

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯

MDP

arm pulled at time t

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

action at time t At

ℙ((d, i, a) → (d′￼, i′￼)) = (Pσ(a))da(i′￼a | ia)transition probabilities

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



d(t) = (d1(t), …, dK(t))

i(t) = (i1(t), …, iK(t))

(d(t), i(t)) ⟶ At ⟶ (d(t + 1), i(t + 1)) ⟶ At+1 ⟶ ⋯⋯

MDP

arm pulled at time t

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

action at time t At

  lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)characterise or bound

ℙ((d, i, a) → (d′￼, i′￼)) = (Pσ(a))da(i′￼a | ia)transition probabilities

AN MDP

P4 P1 P2 P3
X0,1t = 0

X1,2t = 1
t = 2 X2,3
t = 3 X3,4
t = 4 X4,3
t = 5
t = 6

X5,3
X6,2

X7,1t = 7



CONVERSE:  LOWER BOUND



LOWER BOUND
C = (Pσ(1), …, Pσ(K))

  lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)characterise or bound



LOWER BOUND

lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)

≥
1

T⋆(C)

C = (Pσ(1), …, Pσ(K))
  lim inf

δ↓0
inf

π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)characterise or bound



LOWER BOUND

lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)

≥
1

T⋆(C)

T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼
(d, i, a)

C = (Pσ(1), …, Pσ(K))
  lim inf

δ↓0
inf

π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)characterise or bound



LOWER BOUND

lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)

≥
1

T⋆(C)

T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼
(d, i, a)

C = (Pσ(1), …, Pσ(K))
  lim inf

δ↓0
inf

π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)characterise or bound



LOWER BOUND

lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)

≥
1

T⋆(C)

T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼
(d, i, a)

C = (Pσ(1), …, Pσ(K))
  lim inf

δ↓0
inf

π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)characterise or bound

ν(d, i, a) ≥ 0 for all (d, i, a)

∑
(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) = 1



LOWER BOUND

lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)

≥
1

T⋆(C)

T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼
(d, i, a)

C = (Pσ(1), …, Pσ(K))
  lim inf

δ↓0
inf

π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)characterise or bound

ν(d, i, a) ≥ 0 for all (d, i, a)

∑
(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) = 1

C1,3,2,41,2,4,31,2,3,4

1,4,3,21,4,2,31,3,4,2

3,1,2,42,1,4,32,1,3,4

4,1,3,24,1,2,33,1,4,2

3,2,1,42,4,1,32,3,1,4

4,3,1,24,2,1,33,4,1,2

3,2,4,12,4,3,12,3,4,1

4,3,2,14,2,3,13,4,2,1

Alt(C)

best arm = 1 

best arm = 2 

best arm = 3 

best arm = 4 

{



T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼
(d, i, a)

SOME OBSERVATIONS -  1

lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)

≥
1

T⋆(C)



T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼
(d, i, a)

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

νϵ(d, i, a) kCC′￼
(d, i, a) ≥ T⋆(C) − ϵ

SOME OBSERVATIONS -  1

lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)

≥
1

T⋆(C)



T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼
(d, i, a)

min
C′￼∈Alt(C) ∑

(d,i)∈𝕊

K

∑
a=1

νϵ(d, i, a) kCC′￼
(d, i, a) ≥ T⋆(C) − ϵ

# times (d, i, a) is observed up to time n
n

⟶ νϵ(d, i, a)  as  n → ∞ ∀ (d, i, a)

SOME OBSERVATIONS -  1

lim inf
δ↓0

inf
π∈Π(δ)

𝔼π[stopping time under π]
log(1/δ)

≥
1

T⋆(C)



# times (d, i, a) is observed up to time n
n

⟶ νϵ(d, i, a)  as  n → ∞ ∀ (d, i, a)

SOME OBSERVATIONS -  1



# times (d, i, a) is observed up to time n
n

⟶ νϵ(d, i, a)  as  n → ∞ ∀ (d, i, a)

SOME OBSERVATIONS -  1



# times (d, i, a) is observed up to time n
n

⟶ νϵ(d, i, a)  as  n → ∞ ∀ (d, i, a)

SOME OBSERVATIONS -  1

K

∑
a=1

ν(d′￼, i′￼, a) = ∑
( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) ℙ((d, i, a) → (d′￼, i′￼)) for all (d′￼, i′￼) ∈ 𝕊



# times (d, i, a) is observed up to time n
n

⟶ νϵ(d, i, a)  as  n → ∞ ∀ (d, i, a)

SOME OBSERVATIONS -  1

K

∑
a=1

ν(d′￼, i′￼, a) = ∑
( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) ℙ((d, i, a) → (d′￼, i′￼)) for all (d′￼, i′￼) ∈ 𝕊

(d′￼, i′￼)



# times (d, i, a) is observed up to time n
n

⟶ νϵ(d, i, a)  as  n → ∞ ∀ (d, i, a)

SOME OBSERVATIONS -  1

K

∑
a=1

ν(d′￼, i′￼, a) = ∑
( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) ℙ((d, i, a) → (d′￼, i′￼)) for all (d′￼, i′￼) ∈ 𝕊

(d′￼, i′￼)
flow out



# times (d, i, a) is observed up to time n
n

⟶ νϵ(d, i, a)  as  n → ∞ ∀ (d, i, a)

SOME OBSERVATIONS -  1

K

∑
a=1

ν(d′￼, i′￼, a) = ∑
( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) ℙ((d, i, a) → (d′￼, i′￼)) for all (d′￼, i′￼) ∈ 𝕊

(d′￼, i′￼)
flow inflow out



# times (d, i, a) is observed up to time n
n

⟶ νϵ(d, i, a)  as  n → ∞ ∀ (d, i, a)

SOME OBSERVATIONS -  1

K

∑
a=1

ν(d′￼, i′￼, a) = ∑
( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) ℙ((d, i, a) → (d′￼, i′￼)) for all (d′￼, i′￼) ∈ 𝕊

(d′￼, i′￼)
flow inflow out

flow constraint 



SOME OBSERVATIONS -  2

MDP

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

action at time t At

T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼(d, i, a)



SOME OBSERVATIONS -  2

MDP

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

action at time t At

countably infinite T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼(d, i, a)



SOME OBSERVATIONS -  2

MDP

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

action at time t At

countably infinite T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼(d, i, a)

da(t) ≤ R ∀t, a



SOME OBSERVATIONS -  2

MDP

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

action at time t At

countably infinite T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼(d, i, a)

da(t) ≤ R ∀t, a

{ν(d, i, a) =
K

∑
a′￼=1

ν(d, i, a′￼) for all (d, i) : da = R}



SOME OBSERVATIONS -  2

MDP

state space 𝕊 = {(d, i)}

action space {1,…, K}

state at time t (d(t), i(t))

action at time t At

countably infinite T⋆(C) = sup
ν

min
C′￼∈Alt(C) ∑

( d,i)∈𝕊

K

∑
a=1

ν(d, i, a) kCC′￼(d, i, a)
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•  rule makes  an ergodic Markov chain 

λη(a |d, i) > 0 ⟹ λη(a |d, i) ≥ αη > 0
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• Ĉ(n) ∈ arg max
C

min
C′￼∈Alt(C)

LLR between C and C′￼ at time n

inputs δ, η, R

estimate of ground truth

λη(a | d, i) =
νη(d, i, a)

∑a νη(d, i, a)



ALGORITHM FOR BAI  -  2
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LLR between Ĉ(n) and C′￼ ≥ βδ,η,R

• STOP

inputs δ, η, R

estimate of ground truth

 is the ground truthĈ(n)
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inputs δ, η, R

estimate of ground truth

 is the ground truthĈ(n)
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- Precise characterisation of 

- Achievability: an algorithm for finding the best arm ( )

- Features of :
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- Practically implementable
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