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Abstract—In this work, achievable dispersions for the discrete
memoryless interference channel (DM-IC) are derived. In other
words, we characterize the backoff from the Han-Kobayashi
(HK) achievable region, the largest inner bound known to
date for the DM-IC. In addition, we also characterize the
backoff from Sato’s region in the strictly very strong interference
regime, and the backoff from Costa and El Gamal’s region in
the strong interference regime. To do so, Feinstein’s lemma is
first generalized to be applicable to the interference channel.
Making use of the generalized Feinstein’s lemma, it is found
that the dispersions for the DM-IC can be represented by the
information variances of eight information densities when HK
message splitting is involved, and of six information densities
for another encoding strategy. We also derive an outer bound
that leverages on a known dispersion result for channels with
random state by Ingber-Feder. It is shown that for the strictly
very strong interference regime, the inner and outer bound have
similar algebraic forms.

I. INTRODUCTION

In information theory, the capacity is defined as the max-
imum rate at which reliable communication is admissible
for an arbitrarily small probability of error, provided the
code blocklength can grow without bound. However, practical
codes (such as LDPC, turbo, polar codes) operate at finite
blocklengths. Thus, it is important to assess the penalizing
deviation from the channel capacity required to maintain the
error probability below the desired value at a given finite
blocklength. Strassen [1] was the first to address this question
for the discrete memoryless (DM) point-to-point channel. In
other words, Strassen derived an asymptotic expansion for
the logarithm of the maximal size of length-n codes with
probability of error € € (0,1). Recently, the interest in this
topic has been revived by the works [2] and [3]. It has been
shown that the maximal codebook size M*(n, €), for the DM
point-to-point channel, is approximated by the expression

log M*(n,€) = nC — VnVQ 7 *(e) + O (logn), (1)

where C' is the capacity of the channel, V' is the conditional
information variance evaluated at the capacity-achieving input
distribution (assuming it is unique), and Q(-) is the tail prob-
ability of the standard normal distribution. The conditional
information variance is also known as the dispersion [3]. Thus,
\/V/nQ~1(e) is roughly the penalty in terms of rate that one
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has to pay for operating at a finite blocklength, for the case
€ < 1. The quantity VVQ~'(e) is equivalent to the second-
order coding rate in [2]. Recently, the class of DM point-to-
point channel for which the third-order rate is known has been
enlarged [4].

While the dispersion for the point-to-point channel is fairly
well-understood, the understanding of dispersions for multi-
user settings is still limited. Achievable dispersions, which are
the dispersions for achievable regions, for the DM multiple-
access channel have been characterized recently [5]-[7]. The
authors in [5] also characterized achievable dispersions for the
broadcast channel with degraded message sets and Slepian-
Wolf coding.

In this work, we characterize achievable dispersions for
the discrete memoryless interference channel (DM-IC). We
find that the dispersions can be expressed as information
variances of eight information densities when Han-Kobayashi
(HK) message splitting is used, and of six such quantities for
another encoding strategy. These information densities will
be clearly defined below. Furthermore, we define a class of
channels called strictly very strong interference channels, in
which, we show that a general outer bound, using results
from [8], has similar algebraic form to our inner bound.

II. SYSTEM MODEL AND PROBLEM FORMULATION

The discrete’ memoryless interference channel (DM-IC)
consists of two finite input alphabets & and X5, two finite
output alphabets )y and ), and a channel transitional proba-
bility py,v,|x, x, (y1¥2|2172), whose n-th extension satisfies

n
n

n
Pypyp|xpxy (1'ys

n,..n

|951 952) = HpY1Y2|X1X2 (y1ky2k|1?1k$2k)-
k=1

Transmitter j € {1,2}, wishes to communicate a message
w; € Wy = {1,2,...,M;} to receiver j € {1,2}, where
W, are message sources. Messages m; and my from each
message set VW, and W, respectively are equally probable.
It is assumed that W; and W5 are statistically independent.
Let 0 < €1,€e2 < 1 be fixed constants. An (M7, Ma, n, €1, €2)
code for the DM-IC consists of encoding functions

fi W, — Xj" for j =1,2; 2)
and two decoding functions

dj:y?%Wj for j =1,2; 3)

'The assumption of discreteness is not restrictive, and is made to ensure
that some moments are positive and finite.



such that p. ; < €; and p. o < €3, where p. 1 and p. 2 denote
the average error probabilities, p. ; := Pr(W; # W;).

Definition 1. A rate pair (R1, Ra) is (n, €1, €2)-achievable
for the DM-IC if there exists an (My, Ma,n, €1, €3)- code for
the channel such that %log(Ml) > R, and %log(Mg) > Ro.
The (n, €1, €2)-capacity region of the DM-IC is defined as the
set of all (n, €1, €a)-achievable rate pairs.

First, we make a few important definitions. A well-known
achievability technique in the interference channel is HK
message splitting in which messages are split into private
and common messages. To do so, auxiliary random variables
(RVs) U,U; and Uy are introduced, and U is a time-sharing
RV.

Definition 2. In the DM-IC, fix a joint distribution
p(w)p(u |u)p(uz|u)p(@:|uiu)p(ze|ugu)p(yiye|ri22). (4)
Define the information densities

p(y1|z1urugu)

111 = 1(X1; Y1|ULU2U) = log )
p(y1|uruzu)
i1o = i(Us X1 Vi|UAU) = log P¥AlTL020) )
p(y1|uiu)
i13 :i(X1§Y1|U2U) zlogw %)
p(y1|ugu)
ig = 1(U2X1; Y1|U) =logw, ®)
p(y1|u)

Similarly, we define i(Xo;Y2|U1UU), (U1 Xa;Ya|UU),
i(X2; Y2|U 1 U) and i(U1 X2; Ya|U) and denote their shortened
notations as is1, 192,123 and io4.

Remark: When we want to emphasize the dependence
of these quantities on the various RVs, we shall use the
second set of notations, e.g., i(X1;Y1|U1U2U). For the sake
of notational convenience and space, we shall often use the
first set of notations, e.g., 711.

Denote the mean of 777 as I11, and observe that

]E[Z(Xl,Y1|U1U2U)] :I(Xl,Y1|U1U2U):IH (9)

Similarly, we can find expression for the expectations of i,
and denote them as Iz, for j = 1,2, and k = 1,2,3,4.
Correspondingly, we denote the variances of ¢, as V.

Definition 3. A DM-IC is said to have strictly very strong in-
terference if I(X1;Y1]|X2) < I(X1;Y2) and I(X2;Y3|X1) <
1(X2; Y1) for all non-deterministic p(x1)p(z2).

Example 1. Consider a Gaussian IC where Y7 = ¢11 X1 +
921 X2+ 71, Yo = g12X1+goo Xo+ Zo, where X7 and X are
Gaussian inputs with zero means and unit variances, Z; and
Z5 are independent Gaussian noises with zero means and unit
variances, and X; is also independent of Z; for j = 1 and 2.
In this channel, treating X» as noise, we have I(X;;Ys) =

2
h(Yg) — h(YQ‘Xl) = 0'510g(g§21j—1 + 1) I(Xl,Yl‘XQ) =
I(X15 911 X1+ Z1]Xo) = I(X15 911 X1+ Z1) = 0.5log (g, +
1). Similarly, we can find I(Xo; Y| X;) and I(X5;Y;). Thus,

this Gaussian IC is in the strictly very strong interference

regime iff g7) < g7,/(1 + g35) and g3, < g3,/(1 + ¢7,) and
Gaussian inputs are used. This is an extension of [9, Rmk 6.2].

Example 2. Consider a discrete IC where p(y1, yo|z1,22) =
p(yi|@1, @2)p(yz|r1,22) and in addition, p(yi|zy,z2) =
p(y1|xze) and p(ye|z1,22) = p(yz2|r1). Thus, Y7 is in-
dependent of X; and Y5 is independent of X,. Clearly,
I(X1;Y1|X2) = 0 and I(Xy;Y2) > 0 for every non-
deterministic p(x1). The same is true for the other inequality.

Example 3. Consider a DM-IC where each alphabet is s,
Y1 = (G11-X1)®(Ga1-X2) and Vs = (G12-X1) D(Ga2- X2).
Let G;; ~ Ber(g;;) for some ¢;; € (0,1). Assume that ¢;; =
q22, G21 = q12 = 1 —q11 and ¢11 < § for some & > O.
p(x;) = Ber(a;), where o; € [af,1 — «f], for af € (0,0.5)
and ¢ = 1, 2. We can verify that for arbitrarily small (a7, a3),
there is ¢, sufficiently small depending on (7, ), such that
I(X1;Y1|1X2) < I(Xy;Y2). Intuitively, for small g;;, Y is
almost independent of X, for ¢ = 1,2. Also see [10].

Definition 4. A DM-IC is said to have strong interference
l'f I(Xl;Y1|X2) S I(Xl;YQ‘XQ) and I(XQ;YQ‘X:[) S
I(X2; Y1|X4) for all p(x1)p(x2).

Alternatively to Definition 2, we can define information
densities differently when HK message splitting is not in-
volved. Although doing so will lead to a smaller achievable
rate region, such information densities play an important role
in the strictly very strong interference regime and the strong
interference regime.

Definition 5. In the DM-IC, fix a joint distribution

p(u)p(z1|w)p(z2|u)p(y1yz|z122). (10)
Define the information densities

i1 = log PWTIT21). (a1

p(y1]zau)
12, = log ZUAIT121) (12)

p(y1|u)

13, = log ZULT1224) (13)

p(y1lziu)

Similarly, we define 1215, 1225 and i93s.

Denote the expectations and the variances of 7., as s
and Vjy, respectively, for j € {1,2}, and k € {1,2,3}.

We define the following real-valued function, which will be
used often. For a given n, define the function f as

fla,bye) =a— \/gQ—l(c) +0 (loi”> .

We are going to prove that a (n,e€q, €2)-achievable rate
region of the DM-IC can be characterized by the first-order
and second-order statistics of either the information spectrum
quantities defined in Definition 2 or that in Definition 5.

(14)

III. MAIN RESULTS FOR GENERAL DM-IC AND
DISCUSSION

A. Main results

The main results of this paper are captured by the following
theorems.



Theorem 1. For any joint distribution satisfying (4), any
€1,€2 and a sufficiently large blocklength n, there exists
a (2nFetBip) on(FactBap) ¢ e0) code for the DM-IC
satisfying

Rip < f(111, Vi, Aer) (15)

Rip + Roe < f(112, Vi, Mi2€1) (16)

Rip 4+ Ric < f(I13, Vi3, Aiz€r) 17
Rip+ Ric + Rae < f(I14, Via, Aia€r) (18)
Ryp < f(I21, Va1, Ao1€2) (19)

Rap 4 Ric < f(I22, Vaz, Aazea) (20)

Rop + Roe < f(Ia3, Vaz, Aozea) 2D

Rop + Roc + Rie < f(124, Vau, Anaca), (22)

where \jj, are some positive constants satisfying the con-
straints Y p_, Ajx = 1, and Vi > 0, for j € {1,2}, and
ke {1,234}

An outline of the proof for Theorem 1 is presented in
Section V.

After applying Fourier-Motzkin elimination process to The-
orem |, we obtain the following theorem.

Theorem 2. For any joint distribution satisfying (4), the
(n, €1, €2)-capacity region of the DM-IC includes the set of
all non-negative pairs (Ry, Ro) satisfying

Ry < f(I13, Vi3, A1zer) (23)
Ry < f(I23, Vas, Aasea) (24)
Ry + Ry < f(L14, Vi, Ma€r) + f(Lo1, Vai, Aore2)  (25)
Ry + Ry < f(I11, Vi1, Adier) + f(J2a, Vau, Aog€ea)  (26)
Ry + Ry < f(I2, Via, Mzer) + f(I2, Vaz, Ag2ea)  (27)
2Ry + Ry < f(I14, Vig, Ma€r) + f(I11, Vi, Adrer)
+ f(L22, Vaz, Aazea) (28)
Ry + 2Ry < f(I24, Vag, Aoa€a) + f(L21, Var, Aare2)
+ f(I12, Vi, Azer), (29)

where )i, are positive constants, satisfying the constraints
Se Nk = 1, and Vi > 0, for j € {1,2}, and k €
{1,2,3,4}.

When HK message splitting is involved, a (n, ey, €a)-
achievable rate region is characterized in Theorems 1 and 2.
Alternatively, a (n, €1, €2)-achievable rate region is character-
ized in the following theorem.

Theorem 3. For any joint distribution as in (10), any
€1,€x and a sufficiently large blocklength n, there exists a
(2nfr onRa ¢ e)-code for the DM-IC satifying

Ry < f(I11s, Vits, A11€1) (30)
Ry < f(I23s, Vass, Aazea) (31)
Ry < f(I21s, Vais, Ao1€2) (32)
Ry < f(Ii3s, Viss, A13€1) (33)
Ri + Ry < f(ILias, Vizs, A12€1) (34)
Ry + Ry < f(I2s, Vazs, A22€2), (35)

where \ji, are some positive constants satisfying the con-
straints Z?zl Nig = 1, Vi > 0, for j € {1,2}, and
ke {1,2,3}.

The proof of Theorem 3 is similar to that of Theorem 1.

B. Discussion

To obtain an inner bound on the (n, €1, €3)-capacity region
in Theorems 1 and 2, we made use of HK message split-
ting [11]. As the blocklength grows unbounded, we recover
HK’s best achievable rate region [11], [12]. From Theorem 1,
we have an interesting observation that there are penalizing
deviations from both the common information rates I2;.
and the private information rates R;,, for j € {1,2}, for
operating in the finite blocklength setting with average error
probabilities (€, €2). Consequently, in Theorem 2, we observe
penalizing deviations from not just the individual rates R, and
Ry, but also from the weighted sum rates. Another interesting
observation is that the penalizing deviations from weighted
sum rates depend on both error probabilities €; and es.

The way we prove Theorem | is to make use a non-
asymptotic bound presented in Lemma 6. In fact, a stronger
version of Lemma 6 is the following bound

1 < inf { Prl{i(X]3 Y7 [UTUSU™) < nlRay + )}

U iU XT3 Y [UTU™) < n(Rip + Roc + B)}
U{i(XT5 Y| UZU™) < n(Rap + Ric + B)}

U i(Ug X75 Y7 [U™) < n(Rip + Rie + Roc + B)}]
+27"0 x4}, (36)

where the distribution of U"UJ'US X7 X3Y]" is n-th i.i.d. ex-
tension of that given in (4). By applying the multi-dimensional
Berry-Esséen Theorem [13] to the first term, we can alterna-
tively characterize the achievable dispersions as covariance
matrices V1 and V3 defined below. The achievable region in
terms of private and common information rates, as in Theorem
1, is alternatively given by

1 I
R, 611—7971(61;\/1)‘1'0(05”) 1 37
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where

Ry =Ry, Rip+Roc, Rip+Ric, Rip+ Ric+Ra]”, (38)

L =[I11, N, 13, [14]", (39)
QO (e1; V1) ={z e R} Pr(N(0,V)<z)>1—¢}, (40)
V1=Cov ([i11, i12, 713, i14]”) . (41)

We can similarly define R, Io, and V, to obtain a vector
version of the second half in Theorem 1. It can be shown the
(n, €1, €)-achievable region using the covariance matrices V
and Vo, as in (37) will be larger than that in Theorem 1.

In order to obtain the analogue of Theorem 2 and to express
the rate region in terms of (Rj, R3), we have to perform the
analogue of Fourier-Motzkin elimination. However, this is not
as simple as that in Theorem 2 because the achievable rates
as prescribed by (37) are not defined in terms of a polytope.
Hence, a linear projection operation of the region given by
(37) is required. We omit the details here.



Xy Xy
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Wi —| fi(.) p(yilz1as) di(.) =W
Encoder 1 Decoder 1
Fig. 1. Channel with X7 given to decoder 1.

In point-to-point communication, the second-order statis-
tic defined by only one information density is enough to
characterize the dispersion. In the multiple-access channel,
the second-order statistics of three information densities are
needed to do so. In the DM-IC, we need the second-order
statistics of either eight information densities, in the case
where HK message splitting is involved, or six such quantities
otherwise. This is intuitively acceptable as there are more
terminals communicating with one another.

In fact, by not requiring that each receiver correctly decodes
the message for the other receiver, (31) and (33) are redundant.
The achievable rate region formed by remaining equations in
Theorem 3 is reduced to that of the interference channel in
the strong interference regime as in [14], when n — oc.

Using a similar argument as in [15], a two-user interference
channel (IC) may be converted into a multiple-access channel
(MAC) by joining its two outputs into a single product output
Y =Y xY5. Since this MAC has less restriction in decoding
as in the IC, where X is decoded with only knowledge of
Y;; thus an outer bound to the new MAC is an outer bound
to the IC. Therefore, the outer bounds in [7] are applicable to
our problem as well. In fact we present a tighter outer bound
that captures the independence of the inputs in Theorem 5.

IV. THE STRICTLY VERY STRONG INTERFERENCE REGIME

In the strictly very strong interference regime, (31), (33),
(34) and (35) can be shown to be redundant when 7 is suffi-
ciently large. We obtain the following corollary (to Theorem
3) which yields an inner bound to the DM-IC.

Corollary 4. The (n, €1, €2)-achievable rate region of the DM-

IC in the strictly very strong interference regime includes the

set of non-negative pairs (R1, Re) satisfying
Ry < f(I11s, Vi, €1)
Ry < f(I21s, Vais, €2).

for some joint distribution as in (10).

(42)
(43)

As n — o0, this region reduces to the asymptotic achievable
region of the very strong interference regime as in [16]. In
fact, (42) and (43) are algebraically similar to an outer bound,
derived in the following theorem, to the (n, €1, €2)-capacity
region of any DM-IC.

Theorem 5. The (n, €1, €2)-capacity region of any DM-IC is
included in the set of non-negative pairs (R1, Ry) satisfying

Ry < max  f(I1s, Vits, €1) (44)
p(z1),p(z2)

Ry < f(Iors, Vais, €2), (45)

max
p(z1),p(22)

where 1:115,1:215,‘7113,‘7213 are the mutual information and
dispersions with respect to the information densities defined
in Definition 5 with the time-sharing variable U = (). More
precisely,

Viis = E[V(Wx,)] + Var [C(Wy,)] (46)

where C(W') and V(W) are the capacity and the dispersion
of channel W and W, (y1]21) = pyy|x, x, (W1|T122).

Remark: A few comments are in order with regard to
Corollary 4 and Theorem 5. Note that the mutual informa-
tion and dispersions for the inner bound in (42) and (43)
are computed with respect to a common input distributions
p(u)p(x1|u)p(xz|u). However, for the outer bound in (44)
and (45), the mutual information and dispersions are, in
general, computed with respect to different input distributions
p(z1), p(x2). This is the reason why the outer bound includes
the inner bound. Note that unlike in [7] for the multiple-
access channel, the maximizations in (44) and (45) are over
product distributions, capturing the intrinsic nature of the DM-
IC where the channel inputs X" and X must be independent.
Even though the inner and outer bounds prescribed by the
previous two results are not matching, the algebraic forms of
the bounds are very similar.

Proof: Any decoder at receiver 1 cannot do better than a
genie-aided system where X3’ (in addition to Y|") is given to
receiver 1. See Fig. 1. Thus, any outer bound on R; applicable
to the system in Fig. 1 is also applicable to the standard
DM-IC. This system can be interpreted as a DM channel
with state, with input X7, output (Y7, X7'), where X7 is
interpreted as the random channel state. The dispersion of
this channel model was derived by Ingber-Feder [8] and is
given by (46). Note that as in the channel with state problem
where the state is only known to the receiver [9, Eq. (7.2)],
the state is independent of the codeword. This corresponds to
the situation here. The other bound is proved similarly. |

V. OUTLINE OF PROOF FOR THEOREM 1

Before proving Theorem 1, we generalize Feinstein’s
lemma [17, Lemma 3.4.1] for the point-to-point channel to
be applicable to the DM-IC.

Lemma 6. Consider the DM-IC defined in Theorem 1.
Fix a joint distribution satisfying (4). For any n &€
N and an arbitrary positive constant [3, there exists a
(2n(FretFap) on(FaetB2p) ¢ ey)-code such that

1
e1 < Pr|=i(X YPUPURU™) < Ry + /3}
n

1
+Pr Ei(U;X?§Y1n|U17LUn) < Rip + Rae + 5}

1
+Pr gi(Xln3Y1n|U2nUn) < Rip + Ry + B}

+ Pr

1
;i(UQTLX{l§ Y'U™) < Rip + Ric + Roc + 5}
+27m0 x 4, (47)

and the average probability of error es at receiver 2 is
similarly upper-bounded.



The proof of Lemma 6 is similar to the proof of
Lemma 7.10.1 in Han’s book [17].

Remark: Lemma 6 holds for any blocklength n, even
when n = 1. There is no restriction on the structures of
(UMUTU3 X1 X3') and the channel pyny; xnxp. Thus, if the
structures are chosen carefully (e.g., stationary, memoryless),
we can potentially obtain useful results.

With Lemma 6, we are ready to prove Theorem 1. First
we choose distributions for various RVs in Lemma 6. For
J € {1,2}, define the product distributions

=

p(u") = p(ug), (48)
k=1

pufu) = T plujilux), (49)
k=1

p(xf|uf,u") = Hp(wjk|ujk,uk). (50)

k=1

Due to DM property of the channel and the construc-
tion of the codebooks in (48)—(50), each of the infor-
mation densities «(X7; Y*|UUSU™), i(Uy X Y UTU™),
WX YPMURU™) and (U3 X7 Y| U™) are sums of n i.i.d.
RVs. Applying Berry-Esséen Theorem [18, Theorem 2, Chap-
ter XVI] to the first term in (47), we have

1
Pr hi(x?; Y UPURU™) < Ry, + [3}

< Q (nI(X17Y1|U1U2U) — anp - nﬁ) + Blla
- Vit Vi

with Ty, is the third moment of

(51)
where Blla = ‘6/’1;1/12
11

’i(Xl; Y1|U1U2U)
Applying similar bounding techniques to other terms in
(47), we obtain

6 <4x 9—np 10 <77J11 - anp - ”5) Biia

VnVin \/ﬁ

40 nlio — n(Rip + Rae) — nf n Biag
VnVia Vvn
BlSa

n[lg - n(Rlp + Rlc) - nﬁ)
+Q ( vnVis " Vn

nlia — n(Rip + Ric + Rac) — nﬁ) Biaq
+ Q < vV nV14 + '

(52)

where Biy, = 6T,/V;/> with Ty is the third absolute
moment of i1, for £ = 1,2,3 and 4. Note that the third
moments are finite and the variances are positive because all
alphabets are discrete.

By splitting the error ¢; and choose § = , we obtain
the first part of Theorem 1. The second half of the theorem
is proved similarly to the above.

Remark: The generation of the time-sharing variable u' as
in (48) is worse than fixing " to be a non-random sequence
whose type is O(2)-close to p(u); cf. [7]. In [7], an achievable
dispersion for the MAC is obtained and it was shown that
the strategy contained therein is better than the generation

logn

of u™ in (48) because the conditional variance is no larger
than the unconditional variance. However, we here generate
u™ according to (48) for simplicity.

VI. CONCLUSION

In this work, we characterized achievable dispersions for
the 2-user DM-IC. To do so, we first generalized Feinstein’s
lemma to be applicable to the interference channel. Next,
using the generalized Feinstein’s lemma, we showed that the
dispersions are given by information variances of a set of
information densities. The first- and second-order statistics
of the information densities are shown to characterize an
inner bound on the (n, ey, es)-capacity region of the DM-
IC, where n is a given finite (but large) blocklength, and
€1 and e are desired (or tolerable) average probabilities of
error at receiver 1 and 2 respectively. We also derived a
general converse bound, applicable for any DM-IC, which has
a similar algebraic form to our inner bound in the strictly very
strong interference regime.
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