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Motivation



First-order optimization algorithms

Iterative algorithms using only (sub)gradient information

e Low computational complexity

e Ideal for large-scale problems with low-accuracy requirements
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First-order optimization algorithms

Iterative algorithms using only (sub)gradient information

e Low computational complexity

e Ideal for large-scale problems with low-accuracy requirements

e

GD: Xp4+1 = X — ’}/ka(Xk)

Figure 1: Gradient Descent (GD)
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Worst-case conver ce bounds

Convergence rate of algorithm A wrt function class F systematically
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Worst-case convergence bounds

Convergence rate of algorithm A wrt function class F systematically

Find minimum contraction factor t € (0,1) such that
Performance Metric(xx4+1) < t Performance Metric(xy)

holds for all f € F and all {x,}x>1 generated by A
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Worst-case convergence bounds

Convergence rate of algorithm A wrt function class F systematically
Find minimum contraction factor t € (0,1) such that

Performance Metric(xx4+1) < t Performance Metric(xy)
holds for all f € F and all {x,}x>1 generated by A

Performance metric

e Objective function accuracy f(xx) — f(x.), also denoted as f, — £,
e Squared distance to optimality ||x; — x|

e Squared residual gradient norm ||V £(x,)||°, also denoted as ||gy ||
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L-smooth, p-strongly convex ((u, L)-smooth) function

o [VI(x) = Vi)l <Llx-yl VxyeR"

o f(x)— %”XHZ is convex
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L-smooth, p-strongly convex ((u, L)-smooth) function

o [VI(x) = Vi)l <Llx-yl VxyeR"

o f(x)— %HXHZ is convex

Theorem (de Klerk et al., 2017)

Given an (p, L)-smooth function, apply GD with exact line search:

L—p 2
fag1 — L < | —— fi — fi
k+1 _(L+N)(k )
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L-smooth, p-strongly convex ((u, L)-smooth) function

o [VI(x) = Vi)l <Llx-yl VxyeR"

o f(x)— %HXHZ is convex

Theorem (de Klerk et al., 2017)

Given an (p, L)-smooth function, apply GD with exact line search:

L—p 2
fag1 — L < | —— fi — fi
k+1 _(L+N)(k )

A sum-of-squares (SOS) proof

EIRS

| — 2
(552) (=)= (ha =) 2

2 2
llau| + llaz| >0
1++/p/L 1—+/p/L
where q; and qy are linear functions of X, Xk, Xk11, 8k, Ek+1
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L-smooth, p-strongly convex ((u, L)-smooth) function
o [VI(x) = Vi)l <Llx-yl VxyeR"
o f(x)— %HXHZ is convex

Theorem (de Klerk et al., 2017)

Given an (p, L)-smooth function, apply GD with exact line search:

L—pu :
fuor — . < : fi — i
k+1 _<L+,u> (k )

A sum-of-squares (SOS) proof

EIRS

L+ p

L—pu\? laa|? laz|>
(50) =R =G -= <1+m+1m>>°

where q; and qy are linear functions of X, Xk, Xk11, 8k, Ek+1
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More SOS proofs

GD with constant step size, v € (0, 2) (Lessard et al., 2016)

PlIxe = Xull? = (%11 — %2
2
Mllgk p(xe — %)%, v € (0, Li,,}

WD g, — L(x —x)IP, 7€ [ 2)

Y]

where p .= max{|1 — yu|,|1 —~vL|}
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More SOS proofs

GD with constant step size, v € (0, 2) (Lessard et al., 2016)

PPllxic — x| = IIxarr — )
uok = x)I2 v e (0,2
L 2
W2 g — L = x)IP 7€ [0 3)

where p .= max{|1 — yu|,|1 —~vL|}
GD with the Armijo rule

<l = W)(fk —f) = (i1 —£) > 376(([_1))gk + p(%s — xk)H2’

Mllgk

Y]

where € € (0,1),7 > 1 are the parameters of the Armijo rule
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More SOS proofs: Proximal Gradient Method (PGM)

PGM with exact line search (Taylor et al., 2018)

2 T
<i+jt> (fe — ) — (fey1 — £) > (i) o (i)

where z = (f., fi, fer1, X, Xy Xkt1, - - - ) and Q@* is a PSD matrix




More SOS proofs: Proximal Gradient Method (PGM)

PGM with exact line search (Taylor et al., 2018)

2 T
<i+ji> (fe — ) — (fey1 — £) > (i) o (i)

where z = (f., fi, fer1, X, Xy Xkt1, - - - ) and Q@* is a PSD matrix

PGM with constant step size, v € (0, 2) (Taylor et al., 2018)

PlIrk + sill® = kst + Sira [

L
Pl + 57 |, € (0,72
>

(L
Pllasl® + L2 aal?, v e |25.2)

where p := max{|1 — vu|,|1 — vL|} and q1, g2 and qs3 are linear
functions of sy, Sk11, rk, ki1
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Related Work



Performance Estimation Problem (PEP)

Framework to derive worst-case bounds (Drori and Teboulle, 2014)

max fy — f,

st. feF
Xkr1 = A(Xk, fe,8k), k=0,...,N—1
fo—f <R
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Performance Estimation Problem (PEP)

Framework to derive worst-case bounds (Drori and Teboulle, 2014)

max fy — f,

st. feF
Xkr1 = A(Xk, fe,8k), k=0,...,N—1
fo—f <R

e GD with exact line search (de Klerk et al., 2017)
e Proximal Gradient Method (PGM) with constant step size (Taylor

et al., 2018)
e Proximal Point Algorithm, Conditional Gradient Method, ... (Taylor
et al., 2017a); ...

Vincent Y. F. Tan 6



Performance Estimation Problem (PEP)

Framework to derive worst-case bounds (Drori and Teboulle, 2014)

max fy — f,

st. feF
Xkr1 = A(Xk, fe,8k), k=0,...,N—1
fo—f <R

e GD with exact line search (de Klerk et al., 2017)
e Proximal Gradient Method (PGM) with constant step size (Taylor

et al., 2018)
e Proximal Point Algorithm, Conditional Gradient Method, ... (Taylor
et al., 2017a); ...

e Formulated as an SDP (exact under certain conditions)
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Performance Estimation Problem (PEP)

Framework to derive worst-case bounds (Drori and Teboulle, 2014)

max fy — f,

st. feF
Xkr1 = A(Xk, fe,8k), k=0,...,N—1
fo—f <R

e GD with exact line search (de Klerk et al., 2017)
e Proximal Gradient Method (PGM) with constant step size (Taylor

et al., 2018)
e Proximal Point Algorithm, Conditional Gradient Method, ... (Taylor
et al., 2017a); ...

e Formulated as an SDP (exact under certain conditions)

e Inspiration for our current work
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Integral Quadratic Constraints (IQCs)

Views optimization algorithms as linear dynamical systems (LDS) with
nonlinear feedback (Lessard et al., 2016)

)
U Yk

State:  &xi1 = A&k + Buyg
Output: vk = C&k + Duy
o Feedback: u = d(yk)
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Integral Quadratic Constraints (IQCs)

Views optimization algorithms as linear dynamical systems (LDS) with
nonlinear feedback (Lessard et al., 2016)

)
U Yk

State:  &xi1 = A&k + Buyg
Output: vk = C&k + Duy
o Feedback: u = d(yk)

e For first-order methods, ux = ¢(y«k) := VI (yk)
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Integral Quadratic Constraints (IQCs)

Views optimization algorithms as linear dynamical systems (LDS) with
nonlinear feedback (Lessard et al., 2016)

)
U Yk

State:  &xi1 = A&k + Buyg
Output: vk = C&k + Duy
o Feedback: u = d(yk)

e For first-order methods, ux = ¢(y«k) := VI (yk)

e Convergence of algorithm = stability of dynamical system
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Integral Quadratic Constraints (IQCs)

Views optimization algorithms as linear dynamical systems (LDS) with
nonlinear feedback (Lessard et al., 2016)

)
U Yk

State:  &xi1 = A&k + Buyg
Output: vk = C&k + Duy
o Feedback: u = d(yk)

e For first-order methods, ux = ¢(y«k) := VI (yk)
e Convergence of algorithm = stability of dynamical system

e Replace ¢ with quadratic constraints on all instances of (yx, ux)
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The Sum-of-Squares Approach



SDP formulation of sum-of-squares optimization

Sum-of-squares of degree-2 polynomials
Forz=(x,y) and d = 2,

p(z) = (x* = 2)* + (x - 3y)?
=x*—3x? —6xy +9y° + 4
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SDP formulation of sum-of-squares optimization

Sum-of-squares of degree-2 polynomials

Forz=(x,y) and d = 2,

p(z) = (x* = 2)* + (x — 3y)?
=x*—3x? —6xy +9y° + 4
1 T Q1,1 Ql,z 1
; Qz,l - ;
= ><2 : X2
Xy ' xy
y? y?

where Q@ = 0
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SDP formulation of sum-of-squares optimization

Sum-of-squares of degree-2 polynomials
Forz=(x,y) and d = 2,

p(z) = (x* = 2)* + (x - 3y)?
=x*—3x? —6xy +9y° + 4

T Qi1 Q2 ...
Q21 N

RS
*Né XN"< X =

where Q@ = 0

e Match coefficients of 1,x,y,x?,...,y* = affine constraints
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SDP formulation of sum-of-squares optimization

Sum-of-squares of degree-2 polynomials
Forz=(x,y) and d = 2,

p(z) = (x* = 2)* + (x = 3y)?
=x*—3x2—6xy +9y> +4
T Ql.l Ql.2

Q1

A N
kwé XN‘< X =

where @ = 0

e Match coefficients of 1,x,y,x?,...,y* = affine constraints

1: 4:Q171
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SDP formulation of sum-of-squares optimization

Sum-of-squares of degree-2 polynomials
Forz=(x,y) and d = 2,

p(z) = (x* =2)* + (x — 3y)
=x*—3x2—6xy + 9y’ +4
1\ 1 /@1 Qi ... 1
; Q21 . ;
x2 8 2
xy xy
y? y?

where @ = 0

e Match coefficients of 1,x,y,x?,...,y* = affine constraints

1: 4:Q171

x: 0=Qi2+ @21 =2Q1
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SDP formulation of sum-of-squares optimization

Sum-of-squares of degree-2 polynomials
Forz=(x,y) and d = 2,

p(z) = (x* = 2)* + (x - 3y)?

=x*—3x? —6xy +9y° + 4
1 T Q1,1 Ql,z 1
; Qz,l - ;
= X2 . Ju>
xy xy
y? v

where Q@ = 0

e Match coefficients of 1,x,y,x?,...,y* = affine constraints

e Affine constraints + @ = 0 condition = SDP feasibility problem

min0 s.t. @ = 0, affine constraints
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Certifying constrained nonnegativity

Closed semi-algebraic set
K={z: hi(z) >0, vi(z) =0 Vi.j}

for some polynomials h;(z), vj(z)'s
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Certifying constrained nonnegativity

Closed semi-algebraic set
K={z: hi(z) >0, vi(z) =0 Vi.j}
for some polynomials h;(z), vj(z)'s

“Constrained” nonnegativity
To certify that p(z) > 0 for all z € K (Parrilo, 2003; Lasserre, 2007),

p(2) = oo(2) + Y ci(@)hi(2) + 3 0@y (@)
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Certifying constrained nonnegativity

Closed semi-algebraic set
K={z: hi(z) >0, vi(z) =0 VYij}
for some polynomials h;(z), vj(z)'s

“Constrained” nonnegativity
To certify that p(z) > 0 for all z € K (Parrilo, 2003; Lasserre, 2007),

p(z) = @@+ Z Q@hf(Z) + Z 0;(z)v;(2)
S0S " sos J

where a sum-of-squares (SOS) polynomial: o(z) =3, ¢2(2)
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Certifying constrained nonnegativity

Closed semi-algebraic set
K={z: hi(z) >0, vi(z) =0 Vi.j}
for some polynomials h;(z), vj(z)'s

“Constrained” nonnegativity
To certify that p(z) > 0 for all z € K (Parrilo, 2003; Lasserre, 2007),

p(z) = U&@+Z oi(z) hi 2)+ZGJ(Z)@
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Certifying constrained nonnegativity

Closed semi-algebraic set
K={z: hi(z) >0, vi(z) =0 Vi.j}
for some polynomials h;(z), vj(z)'s

“Constrained” nonnegativity
To certify that p(z) > 0 for all z € K (Parrilo, 2003; Lasserre, 2007),

P9 = le) + 30 90 b+ D 0e) 1)
SOS ' sos >0 J =0

e Fix degrees of the 0;(z)'s and 60(z)'s

e Construct and solve the corresponding SDP feasibility problem
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Analyzing optimization algorithms

min t

st. t(fk —f)—(fux1 —£f) >0
t e (0,1)
feF
Xk+1 = A (X, fi, k)

where fi = f(x4) and gy € Of (x«) for all k
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First relaxation step

min t

st. t(fk —f)— (fixr — f) >0
t e (0,1)
feF

X1 = A (X, fi, 8k)
where fi = f(x4) and gy € Of (x«) for all k

1. Identify polynomial inequalities h;(z) > 0 and equalities vj(z) =0
necessarily satisfied given F and A
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First relaxation step

min t

st. t(fk —f)— (fixr — f) >0
t e (0,1)
hi(z) > 0, Vi
vi(z) =0, Y

— 6n+3
Where [z (f*7 fk7 fk+17x*axk7xk+1>g*7gk7gk+l) S R T

1. Identify polynomial inequalities h;(z) > 0 and equalities vj(z) =0
necessarily satisfied given F and A
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First relaxation step

min t

st. t(fk —f)— (fixr — f) >0
t e (0,1)
hi(z) > 0, Vi
vi(z) =0, Y

— 6n+3
Where 3= (f*7 fk7 fk+17x*axk7xk+17g*7gk7gk+l) S R m

1. Identify polynomial inequalities h;(z) > 0 and equalities vj(z) =0
necessarily satisfied given F and A

E.g. fis L-smooth = [|[Vf(x) — VF(y)| <L|x—y| Vx,y
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First relaxation step

min t

st. t(fk —f)— (fixr — f) >0
t e (0,1)
hi(z) > 0, Vi
vi(z) =0, Vj

— 6n+3
Where [z (f*7 fk7 f/(+17x*axk7xk+1>g*7gk7gk+l) S R T

1. Identify polynomial inequalities h;(z) > 0 and equalities vj(z) =0
necessarily satisfied given F and A

E.g. fis L-smooth = [|[Vf(x) — VF(y)| <L|x—y| Vx,y
— hi(z) = Ll —x|* — |lgx — &> > 0
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First relaxation step

min t
s.t. l’(fk — f*) — (fk+1 — f*) >0
t e (0,1)
hi(z) >0, Vi
(z) > 0, p
vi(z) =0, Vj

— 6n+3
Where [z (f*7 fk7 fk+17x*axk7xk+1>g*7gk7gk+l) S R T

1. Identify polynomial inequalities h;(z) > 0 and equalities vj(z) =0
necessarily satisfied given F and A
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First relaxation step

min t
s.t. t(fk = fA) = (fk Ly, = fA) >0
t e (0,1)
hi(z) > 0, Vi
(z) >0, p
vi(z) =0, Vj

— 6n+3
Where [z (f*7 fk7 fk+17x*axk7xk+1>g*7gk7gk+l) S R T

1. Identify polynomial inequalities h;(z) > 0 and equalities vj(z) =0
necessarily satisfied given F and A
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First relaxation step

min t
st. t(fik—Ff)—(fks1—1f)>0 VzeK
te(0,1)

where K ={z: hi(z) >0, vi(z) =0 Vij}
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Second relaxation step

min t
st. t(fik—Ff)—(fks1—1f)>0 VzeK
te(0,1)

where K ={z: hi(z) >0, vi(z) =0 Vij}

2. Relax the constraint that p(z) := t(fx — f.) — (fye1 — fi) is
nonnegative over K with an SOS cert
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Second relaxation step

min t
st p(z) = 0o(@) + Y oi(@hi@) + 3 ()
t€(0,1)
where K ={z: hi(z) >0, vj(z) =0 Vij}

2. Relax the constraint that p(z) := t(fx — f.) — (fxe1 — fi) is
nonnegative over K with an SOS cert

Vincent Y. F. Tan



Obtaining the bound

1. Identify polynomial (in)equalities necessarily satisfied given F and A

fer hi(z) > 0, Vi
— )
Xkp1 = A (xk, fx, k) vi(z) =0, Vj
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Obtaining the bound

1. Identify polynomial (in)equalities necessarily satisfied given F and A

fer hi(z) > 0, Vi
— )
Xkp1 = A (xk, fx, k) vi(z) =0, Vj

2. Relax nonnegativity constraint with an SOS cert, i.e., relax

p(z) >0V z€ K to p(z) = oo(z +Z i(2)h )+Zej(z)vj(z)

for SOS polynomials o;(z) and arbitrary polynomials 6;(z)
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Obtaining the bound

1. Identify polynomial (in)equalities necessarily satisfied given F and A

fer hi(z) > 0, Vi
— )
Xkp1 = A (xk, fx, k) vi(z) =0, Vj

2. Relax nonnegativity constraint with an SOS cert, i.e., relax

p(z) >0V z€ K to p(z) = oo(z +Z i(2)h )+Zej(z)vj(z)

for SOS polynomials o;(z) and arbitrary polynomials 6;(z)

3. Solve the SDP multiple times for the n =1 case and ‘guess’ the
analytic expression of the optimal contraction factor

t* =min{t:t € (0,1), SOS constraints}
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Obtaining the bound

1. Identify polynomial (in)equalities necessarily satisfied given F and A

fer hi(z) > 0, Vi
— )
Xkp1 = A (xk, fx, k) vi(z) =0, Vj

2. Relax nonnegativity constraint with an SOS cert, i.e., relax

p(z) >0V z€ K to p(z) = oo(z +Z i(2)h )+Zej(z)vj(z)

for SOS polynomials o;(z) and arbitrary polynomials 6;(z)

3. Solve the SDP multiple times for the n =1 case and ‘guess’ the
analytic expression of the optimal contraction factor

t* =min{t:t € (0,1), SOS constraints}

4. Generalize this to a feasible SDP solution for the multivariate case
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Example




Function class

Class of (p, L)-smooth functions (denoted F,, ;(R"))
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Function class

Class of (p, L)-smooth functions (denoted F,, ;(R"))

Theorem (F,, ;-interpolability (Taylor et al., 2017b))

Given a set {(x;, fi,8i)}ier, 3 a (i, L)-smooth function f where
fi = f(x;) and g; € Of (x;) ¥ i iff
= b - (=) 2 5 | T llgs — gl + s —
J Ji J *,LL) L ) J

~ 22— &) 05— %)| Vi £
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Function class

Class of (p, L)-smooth functions (denoted F,, ;(R"))

Theorem (F,, ;-interpolability (Taylor et al., 2017b))

Given a set {(x;, fi,8i)}ier, 3 a (i, L)-smooth function f where
fi = f(x;) and g; € Of (x;) ¥ i iff
= b - (=) 2 5 | T llgs — gl + s —
J Ji J *,LL) L ) J

~ 22— &) 05— %)| Vi £

E.g ifweseti=kandj=k+1:

L 1
fie = firr — B (X — Xier1) — A=) LHgk — gl + pllxe — xepa?

4
- 2%(gk+1 - gk)T(XkH = Xk):| >0
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Algorithm

Gradient Descent (GD) with exact line search (ELS)
i = arg min £ (xc — 78k)
Xk+1 = Xk — Vk8k

where g, = V(xk)
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Algorithm

Gradient Descent (GD) with exact line search (ELS)
i = arg min £ (xc — 78k)
Xk+1 = Xk — Vk8k
where g, = V(xk)

Derived constraints

81 (Xkp1 —xi) =0

gi 18 =0
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Applying the SOS approach

Necessary constraints

e 6 F, -interpolability constraints corresponding to k, k + 1, x
(hi(z) = 0)

e 2 algorithmic constraints (vj(z) = 0)

i1 (Xkr1 — %) =0

gl .18 =0
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Applying the SOS approach

Necessary constraints

e 6 F, i-interpolability constraints corresponding to k, k + 1, *
(hi(z) = 0)

e 2 algorithmic constraints (vj(z) = 0)

The SDP

min t

st p(z +Za, hi(z) + > 0(2)vi(2)

€ (0,1)
o0(z) : SOS of linear polynomials
oi(z),i > 1:SOS of degree 0, 0;(z) : degree 0
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Applying the SOS approach

Necessary constraints

e 6 F, i-interpolability constraints corresponding to k, k + 1, *
(hi(z) = 0)

e 2 algorithmic constraints (vj(z) = 0)

The SDP

min t

st p(z +Za, hi(z) + > 0(2)vi(2)

€ (0,1)
o0(z) : SOS of linear polynomials
oi(z),i > 1:SOS of degree 0, 0;(z) : degree 0
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Applying the SOS approach

Necessary constraints

e 6 F, i-interpolability constraints corresponding to k, k + 1, *
(hi(z) = 0)

e 2 algorithmic constraints (vj(z) = 0)

The SDP

min t

st. p(z) = (i) Q (i) + ZCT/(Z)hi(Z) + Zej(z)‘/j(z)

te(0,1)
Q=0
oi(z),i > 1:S0S of degree 0, 0;(z) : degree 0
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Applying the SOS approach

Necessary constraints

e 6 F, i-interpolability constraints corresponding to k, k + 1, *
(hi(z) = 0)
e 2 algorithmic constraints (vj(z) = 0)

The SDP

min t

.
st. p(z) = (i) Q (i) + Z(ﬂ'(z)hi(z) + Zej(z)‘/j(z)

te(0,1)
Q=0
oi(z),i > 1:SOS of degree 0, 0;(z) : degree 0
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Applying the SOS approach

Necessary constraints

e 6 F, i-interpolability constraints corresponding to k, k + 1, *
(hi(z) = 0)
e 2 algorithmic constraints (vj(z) = 0)

The SDP

min t

.
st. p(z) = (i) Q (i) + th;(z) + Z%(Z)VJ(Z)

t e (0,1)
Q=0
0; >0,i >1, 0;(z) : degree 0
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Applying the SOS approach

Necessary constraints

e 6 F, i-interpolability constraints corresponding to k, k + 1, *
(hi(z) = 0)
e 2 algorithmic constraints (vj(z) = 0)

The SDP

min t

.
st. p(z) = (i) Q (i) + th;(z) + Z@-(Z)VJ(Z)

t e (0,1)
Q=0
0;>0,i>1, 0;(z) : degree 0
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Applying the SOS approach

Necessary constraints

e 6 F, i-interpolability constraints corresponding to k, k + 1, *
(hi(z) = 0)

e 2 algorithmic constraints (vj(z) = 0)

The SDP

min t

-
st. p(z) = (i) ( ) JrZU: i JFZQJVJ(Z)

j
€(0,1)

Q=0

0;>0,i>1, 6, €R
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Deriving the affine constraints

t(fe — £) — (fr1 — £)
1 T Q11 Q1,2 1

@21 f* ZU, ZGVJ

\
- &
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Deriving the affine constraints

t(fc — £) — (firr — £)
1 T Ql,l Q1,2 1

=% Q21 fu +ZU: +Zo‘0

i

Matching coefficients for e.g. f, term:




Deriving the affine constraints

t(fi — fi) — (fig1 — i)
1 T Ql,l Q1,2 1
=[] [@:

+Za, +Z€vj

Matching coefficients for e.g. f, term:

==




Deriving the affine constraints

t(fc — £) — (firr — £)
1 T Ql,l Qo ... 1

=% Q1 - b +Z"' +Zo‘0

i

Matching coefficients for e.g. f, term:

1—1':2Q1’2




Deriving the affine constraints

t(fc — £) — (firr — £)
1 T Ql,l Q1,2 1

= | Q1 . e +Z()’h +Z€vj

i

Matching coefficients for e.g. f, term:
1—1':2Q1’2—02

Constraint hy(z) > 0:

L 1
o fo - s x4 .
b 2(L— p) Hng + plfxic = x || + 78k X f (% —xi)| >0
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Deriving the affine constraints

t(fi — £.) = (fir — £)
1 T Ql,l Q1,2 cee 1
— | & @r . B +Zgihi(z)+zej\/j(z)
. : i J
Matching coefficients for e.g. f, term:

1-t=2Q12— 02— 04+ 05+ 06
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Deriving the affine constraints

.
t(fe — ) — (fp1 — fi) = <i> Q (i) +) oihi(2) + > 0vi(2)

1 e 0=Qi1

fo: 1—t=2Q12— 02— 04+ 05+ 06

fi: t=2@13+01+02—03—05
fer1 —1=2@14—01+ 03+ 04— 06
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Solving the SDP

min t

s.t. p(z):<i> <)+Za,, +ZHVJ(Z)
€ (0,1)
Q=0

0;>0,0,cR
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Solving the SDP

min t
T
1 1
st.p(z)=1|_| Q| |+ > oihi(z) + Y 6v(2)
i J
te(0,1)
Q=0
0;>0,0,cR
Guessing the optimal solution
2
« _ [L—p - Oaxa | Oaxs « L—p
tt={-— ) Q - * s 01 7,
L+,LL 05><4 Q5><5 L+H
2122 _w? Lp2 Ly Ly
(CrpE(l—p)  (+p)Z — (ER)T—p)  (rp)Z  Ep)C—w)
Lp(t+3p)  _ _Lp _pBLry) _ p
. 2(L+pu)2 2(L+p) 2(L+p)2 2(L+p)
— Ly 4
Q6xs = (=) £ (Een M)
L+3p 1
2(L+u)2 2(L+p)
1
2(L—p)
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Multivariate case

Reca” z — (f*7 fk7 fk+lyx*7xka Xk+1; 8« 8k gk+1)

Let z = (zo,21,...,2,) where

zyp = (f*, fx, fk+1) and zy = (X*(g)yXk(g)aXk+1(€)7g*(£)7gk(€)vgk+1(£))
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Multivariate case

Recall z = (f*7 fk7 fk+17x*7xka Xk+1, 8, 8k gk+1)

Let z = (zo,21,...,2,) where

zyp = (f*, fx, fk+1) and zy = (X*(g)yXk(g)aXk+1(€)7g*(£)7gk(€)vgk+1(£))

Require polynomials p(z), hi(z) and vj(z) satisfy

pol(z) = pol®(zo) + Z pol*(z¢)
=1
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Multivariate case

Reca” z — (f*7 fk7 fk+lyx*>xkaxk+1ag*7gk; gk+1)

Let z = (zo,21,...,2,) where

zyp = (f*, fx, fk+1) and zy = (X*(g)yXk(g)aXk+1(€)7g*(£)7gk(€)vgk+1(£))

Require polynomials p(z), hi(z) and vj(z) satisfy

pol(z) = pol®(zo) + Z pol*(z¢)
=1

e Fulfilled when polynomials are linear in f's and in the inner products
of x's and g's e.g.
L

1 2 2 BT
R P 4 2P el (xen - xe)]| >
k 2([_ — M) L”gk” + ,U'”xk X H arF Lgk (Xk+1 Xk) >0
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Multivariate case

Univariate case

p(z) = | zo Qo zg -I—Za,, +Ze\/j(2)
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Multivariate case

Univariate case

1 ! 0 1
p(z) = | 2o Qo 2|+ o +Y 0
z; Q) \z1 |

Multivariate case

-
1 1
Zy 0 Zy

p(z) = [ 2 Qo z | + Zo, )+ 0vi(2)

Ql@ln J

Zp Zp
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Multivariate case

Univariate case

1 ! 0 1
p(Z) = Zy Qo Zy + Z O','h,'(Z) + Z 9_,\/_,(2)
z; Q) \z1 | J

1\ ' 1
Zy 0 Zy
p(z) = | & Qo 2| +) oihi(2) + ) 6v(2)
c QR ; i J
z, z,

SOS cert for univariate case = SOS cert for multivariate case
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Obtaining the SOS certificate

.
£ (e~ £) — (e — ) 2 <1> Q" (1) + 3 arhiz) + 3 0:y(2)

1. Verifying the solution to be feasible




Obtaining the SOS certificate

1. Verifying the solution to be feasible
2. Since 0}, hi(z) > 0 and vj(z) =0




Obtaining the SOS certificate

N =
~
4|

)

*
N
N =
~
+
Q
N
=
~
_|_

-1
=
S

N

= | Q" ,
p(lal® el
4\ 1+ /p/L 1—/u/L

1. Verifying the solution to be feasible
2. Since o}, hi(z) > 0 and vj(z) =0

3. Expanding the quadratic term into its SOS decomposition




Revisiting the PEP




The PEP as an SDP

max fy — f,

st. feF
Xkr1 = A(Xk, fe,8x), k=0,...,N—1
fo—fh <R
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The PEP as an SDP

max fy — f,

st. feF
Xkr1 = A(Xk, fe,8x), k=0,...,N—1
fo—fh <R

e Assume black-box model using oracle O¢
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The PEP as an SDP

max fy — f,

st. 3f € Fsit. O¢(x;)) ={f,gi} Vi
Xkr1 = A(Xk, fe,8x), k=0,...,N—1
fo—f <R

e Assume black-box model using oracle O¢
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The PEP as an SDP

max fy — f,

st. 3f € Fsit. O¢(x;)) ={f,gi} Vi
Xk+1 = A (Xk, fx,84), k=0,...,N—1
fo—f <R

e Assume black-box model using oracle O¢
e I|dentify polynomial inequalities hj(z) > 0 and equalities v;(z) =0
necessarily satisfied given F and A
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The PEP as an SDP

max fy — f,

s.t. hi(z) >0, Vi
vj(z) =0, Vj
fo—f <R

e Assume black-box model using oracle O¢
e I|dentify polynomial inequalities hj(z) > 0 and equalities v;(z) =0
necessarily satisfied given F and A
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The PEP as an SDP

max fy — f,

s.t. hi(z) >0, Vi
vj(z) =0, Vj
fo—f <R

e Assume black-box model using oracle O¢
e I|dentify polynomial inequalities hj(z) > 0 and equalities v;(z) =0
necessarily satisfied given F and A

e Linear in f's and in the inner products of x's and g's = Gram
matrices
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The PEP as an SDP

max fy — f,

s.t. hi(z) >0, Vi
vj(z) =0, Vj
fo—f <R

e Assume black-box model using oracle O¢
e I|dentify polynomial inequalities hj(z) > 0 and equalities v;(z) =0
necessarily satisfied given F and A
e Linear in f's and in the inner products of x's and g's = Gram

matrices

e Formulated as an SDP
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Relation between PEP and SOS

max fy — £,

s.t. {x;} generated by A
feF

fo—fi <R
(PEP)
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Relation between PEP and SOS

max fy — £,

s.t. {x;} generated by A
feF

fo—fi <R
(PEP)

!
N-step PEP-SDP
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Relation between PEP and SOS

max fy — £,

s.t. {x;} generated by A
feF

fo—fi <R
(PEP)

!
N-step PEP-SDP

!

1-step PEP-SDP
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Relation between PEP and SOS

max fy — £, min t
s.t. {x;} generated by A sit. t(fk — ) — (fig1 — f) >0,
feF V {x;} generated by A and
fo—f <R feF
(PEP) (SOS)
!

N-step PEP-SDP

!

1-step PEP-SDP
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Relation between PEP and SOS

max fy — £, min t
s.t. {x;} generated by A sit. t(fk — ) — (fig1 — f) >0,
feF V {x;} generated by A and
fo—f <R feF
(PEP) (SOS)
4 4
N-step PEP-SDP Deg-d SOS-SDP
!

1-step PEP-SDP
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Relation between PEP and SOS

max fy — £, min t
s.t. {x;} generated by A sit. t(fk — ) — (fig1 — f) >0,
feF V {x;} generated by A and
fo—f <R feF
(PEP) (SOS)
& &
N-step PEP-SDP Deg-d SOS-SDP
& 0

1-step PEP-SDP Deg-1 SOS-SDP
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Relation between PEP and SOS

max fy — £, min t
s.t. {x;} generated by A sit. t(fk — ) — (fig1 — f) >0,
feF V {x;} generated by A and
fo—f <R feF
(PEP) (SOS)
& &
N-step PEP-SDP Deg-d SOS-SDP
& 0

1-step PEP-SDP <— Dual = Deg-1 SOS-SDP
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Results




Summary of Results

Form of bounds: Performance metric(xx 1) < t* Performance metric(xy)

Set € and 7 to be parameters related to the Armijo rule, and

py = max{|L —ypul, |1 —~L|}

Method Step size v Metric Rate t* Known?
2 de Klerk et al.
GD ELS fi —f. (4
k Lﬂ‘) (2017)
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Summary of Results

Form of bounds: Performance metric(xx 1) < t* Performance metric(xy)

Set € and 7 to be parameters related to the Armijo rule, and

py = max{|L —ypul, |1 —~L|}

Method Step size v Metric Rate t* Known?
2 de Klerk I
GD ELS f— f. () ¢ ferkera
it (2017)
Lessard et al.
€ (0,2 Xk — X ||? 2
7€(0,7)  lxe = x|l 3 —
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Summary of Results

Form of bounds: Performance metric(xx 1) < t* Performance metric(xy)

Set € and 7 to be parameters related to the Armijo rule, and

py = max{|L —ypul, |1 —~L|}

Method Step size v Metric Rate t* Known?
2 de Klerk et al.
GD ELS fi —f. ()
k Ln (2017)
Lessard et al.
€ (0,2 Xk — X ||? 2
7€(0,2)  xe =%l 5 —
Armijo rule frx — fi 1 — ducl=g New

nL

Vincent Y. F. Tan



GD with Armijo-terminated Line Search

Our result they vs. known contraction factors t;y (Luenberger and Ve,
2016) and themi (Nemirovski, 1999):

4e(1 —¢) B 2¢ k= (Q2-eH(1-en!
nK nK k+ (el =1)p~ 1

thew = L=
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GD with Armijo-terminated Line Search

Our result they vs. known contraction factors t;y (Luenberger and Ve,
2016) and themi (Nemirovski, 1999):

thew = 1 — M ty = 1_& k—(2—€e1)(1 —e)n?

nK e T k(eI —1)p T

Contraction factor, t

Condition number, x
Figure 2: thew and tyy for e = 0.25

Condition number, k = L/
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GD with Armijo-terminated Line Search

Our result they vs. known contraction factors t;y (Luenberger and Ve,
2016) and themi (Nemirovski, 1999):

4e(l — € 2 _ 2_<_1 1— 1
thew = 1 — M iy =1— i themi = " ( € )( 6)7}

nK nK k+ (el =1)p~ 1

0.8

0.6

0.4

Contraction factor, t
Contraction factor, t

0.2

Condition number, x Condition number, &

Figure 2: thew and tyy for e = 0.25 Figure 3: thew and them; for e = 0.5

Condition number, k = L/
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A new function class: Composite functions

Composite convex minimization problem

min {f(x) := a(x) + b(x)},

x€R"

where a € F,,; and b is closed, convex and proper.
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A new function class: Composite functions

Composite convex minimization problem

min {7(x) = a(x) + b(x)} ,

where a € F,,; and b is closed, convex and proper.

Further assumptions
Assume that the proximal operator of b,

: 1 2
prox. ,(x) := argyng]ann {vb(y) + §||X =yl } )

exists at every x
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Algorithm

Proximal gradient method (PGM) with constant step size v > 0

Xk1 = Prox.,, (xk — yVa(xk)),

2
where 0 <y < 7
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Algorithm

Proximal gradient method (PGM) with constant step size v > 0
Xk1 = Prox.,, (xk — yVa(xk)),
where 0 < v < %
PGM with exact line search
vk = arg gﬁ;g f [prox,, (xx — vVa(xy))]

Xkt1 = Prox., (xk — v Va(x))

Vincent Y. F. Tan



Summary of Results

Form of bounds: Performance metric(x4+1) < t* Performance metric(xy)

Let gx denotes a (sub)gradient of f at x, and

p~y = max{|1 —ypul|, |1 —~L|}

Method Step size ¥ Metric Rate t* Known?

Taylor et al.

PGM € (0,2 ? :
v€(©,7) el P —

Vincent Y. F. Tan



Summary of Results

Form of bounds: Performance metric(x4+1) < t* Performance metric(xy)

Let gx denotes a (sub)gradient of f at x, and

p~y = max{|1 —ypul|, |1 —~L|}

Method Step size ¥ Metric Rate t* Known?

2 Taylor et al.
PGM ye@D) el A TS
_,\2 Taylor et al.
ELS f — f. (L “)
, = (2018)
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Conclusion




Conclusion

Introduced an SDP hierarchy for bounding convergence rates via SOS

certificates
= First level coincides with the PEP

Future work

e Other function classes
e Other algorithms

e Understanding when SOS certificates cannot be found
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http://arxiv.org/abs/1906.04648
https://github.com/sandratsy/SumsOfSquares

Conclusion

Introduced an SDP hierarchy for bounding convergence rates via SOS
certificates
= First level coincides with the PEP

Future work

e Other function classes
e Other algorithms

e Understanding when SOS certificates cannot be found

Links

arXiv paper: http://arxiv.org/abs/1906.04648
github codes: https://github.com/sandratsy/Sums0fSquares
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https://github.com/sandratsy/SumsOfSquares
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Thank you!
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