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Background: Multi-Objective Optimization

@ Consider a K = 3 arm bandit problem.
@ There are M = 2 users.

@ Each user has their own preference.

M=2 K=3
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e Aim to find if, ..., iy, € [K] via bandit feedback.
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Problem Statement

Arm set: [K]={1,...,K};

Objective set: [M] = {1,..., M};

Confidence level: § € (0,1);

Mean reward of arm i € [K] under objective m € [M]: pim € R;

M=2 K=3
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Problem Statement
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Problem Statement

o I* = (if,---,i%)) € [K]M is the vector of best arms, where

_—
Iy = argmax ftj m.
i€[K]

For t € N, agent pulls arm A; € [K] and obtains M rewards

Xaom(t) ~ N(paom1)  ¥me [M]

Based on the history of arm pulls and rewards up to time t, agent can
decide whether to stop at the time step t.

Once the agent stops, it recommends the empirically best arm 7y, for
each objective m € [M].

@ Objective:
min E[rs] st P #£ 1) <,
™
where | = (a, e ,TM) is the recommendation at the stopping time.
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@ Policy:

@ Arm Pulling Strategy: A; € a({As,XASJ, o Xagm Z;});
@ Error Probability: § € (0,1);

@ Stopping Time: 7g;

e Final Recommendation: I; € [K]M.

Definition

A policy 7 is 0-PAC if it returns the vector of best arms w.p. > 1 — 4 in
finite time, i.e., for all instances v,

PT(r5 < +00)=1 and  PI(ls=I*(v))>1—4.
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e Policy:

Arm Pulling Strategy: A; € o ({As, Xa, 1, .. 7XA5,M}§;1)?
Error Probability: 6 € (0,1);

Stopping Time: 7g;

Final Recommendation: 7:; e [KM.

A policy 7 is 0-PAC if it returns the vector of best arms w.p. > 1 — ¢ in
finite time, i.e., for all instances v,

PT(r5 < +00) =1 and  PI(ls=I*(v))>1—6.

Definition

Given instance v, the gap of arm i € [K] under objective m € [M] is

Ai,m(V) = Mix.m — Mim-

v
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Lower Bound

Information-Theoretic Lower Bound
For any sequence of §-PAC policies {7s}5¢(0,1),

lim inf E"[Tf] > c*(v) Vinstances v,
5—0* log(s)
where c*(v) is given by
wiwix () A2 (v
c*(v)"l:==sup min min () B ) (1)
wer me[M] ielKNiz(v)  2(wi + Wiz ()
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Lower Bound

Information-Theoretic Lower Bound
For any sequence of §-PAC policies {7s}5¢(0,1),

Eﬂ'
lim inf "[Tf] > c*(v) Vinstances v,
30" log(3)
where c*(v) is given by
. wi wis (v) AF (V)
c*(v)™" = sup min mi

in . 1
B me[M] ie[K]\ix(v) 2(wf+wii§‘7(v)) g
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Lower Bound

Information-Theoretic Lower Bound

For any sequence of §-PAC policies {7s}5¢(0,1),

> c*(v)  Vinstances v,

where c*(v) is given by
2

Wi Wi (v) Af m(v)

c(v) = sup
werl

min min
me[M] ie[K]\i%(v) 2(w,-+w,-;;(v))

Unknown gaps Ajm(v) .

In (1), T denotes the set of probability distributions on [K].
o Let w* €l attain the maximum of “sup” in (1).

@ Then, w® represents the optimal proportion of arm pulls!
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Methodology: Overview

@ To derive an (asymptotically) optimal algorithm, calculate:

Wi Wi (v) A,?,m(v)

w* =argmax min min
et me[M] ielKNin(v)  2(wi + Wiz (v)

Then pull arms according to w*.
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Methodology: Overview

@ To derive an (asymptotically) optimal algorithm, calculate:

* . . Wi Wix(v) A’%m(v)
w" =argmax min min
et me[M] ielKNin(v)  2(wi + Wiz (v)

Then pull arms according to w*.
o Difficulty: Difficult to obtain a closed-form solution for w*.
@ Possible Solution: lterative numerical method to compute w*.

@ Problem: May not be provably optimal if we run the method finitely
many iterations.
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Methodology: MO-BAT Policy

Recall that

1 ) . Wi Wix (v) Al2m(V)
c*(v)"' =sup min  min o)
wer me[M] ielKNR(v)  2(wi + wis(v))
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Methodology: MO-BAT Policy

Recall that

Wi Wix(v) Alg,m(v)

x( )1 i [
(v =sup min min
(v) we? me[M] ielKNin(v)  2(wi + Wiz (v))

/

" (w)
o Define first-order approximation for each arm and objective g\(,i’m)(w):

g™ (w) + (Vougl ™ (w), z — w).
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Methodology: MO-BAT Policy

Recall that

I Win(v) AF m(V)
c'(v) P =sup min min .
werl mE[M] ’E[K]\’m( ) 2(w’ + w’;(v))

g™ (w)

gv‘(rW)
(i

@ Define first-order approximation for each arm and objective g, ’m)(w):

g™ (W) + (Vogd ™ (w), z — w).

@ Define overall gradient-related function:

h W,Z) ‘= min ||||n v w) + V W), Z—w }
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Methodology: MO-BAT Policy

@ Gradient-related function
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Methodology: MO-BAT Policy

@ Gradient-related function

hv w,z) .= min min ‘(/i,m) w) + v ‘S’-vm) ) 7w }
) meM] ie[K]\i:;(v){g (@) +{Vegy ™ (w) )

hy(w, z) is designed to approximate the overall objective g, (w).

But hy(w, z) is not a “linear approximation” of g,(w).

@ We take linear approximations of the inner terms

g5 (W) + (Vogd ™™ (w), z — w).

Guide the agent to pull arms in the “direction of the gradient”.

Adapting algorithm in Wang et al. (2021) to our setting

@ Maintaining computational tractability and considering the KM tuples
of possible best arms
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Methodology: MO-BAT Policy

Surrogate proportion at time step t:

s¢ == argmax hy, (@.¢-1,5), (a Linear Program)
selr(m)
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Methodology: MO-BAT Policy

Surrogate proportion at time step t:

s¢ == argmax hy, (@.¢-1,5), (a Linear Program)
ser(m)

where

@ Average allocation up to time t — 1

@ Empirical instances at time t is v;

@ [t = max,cn.ok<t 2K is to prevent the instance v}, from changing too
frequently.
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Methodology: MO-BAT Policy

Sampling Rule:

At € argmax [B. ;-1 + s¢]i,
i€[K]

where B.; is the buffer defined as

B.o=0 and B.;=B.:—1—ea, +5;.
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Methodology: MO-BAT Policy

Sampling Rule:

At € argmax [B. ;-1 + s¢]i,
i€[K]

where B.; is the buffer defined as

B.o=0 and B.;=B.:—1—ea, +5;.

Example: K =2. At time t = 1, suppose

0.1 0.1
= [0‘9} = pullarm2 = B.;= [_0'1]

At time t = 2, suppose

0.5 0.6 0.4
Sy = {0.5:| B.’l +5sSy = |:0.4:| = pullarml1l = B,72 = |:_0.4:|
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Methodology: MO-BAT Policy

Sampling Rule Pipeline

Lower Bound
g lu) L

1

. ' el s; = arg max hg (W. 41,8
[w alglggzcg,,(w)} ~ [ gseF(") vlt( t—1, )
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Methodology: MO-BAT Policy

Sampling Rule Pipeline

Lower Bound A; € argmax [B. ;1 + s¢;
c*(v)?! Bl

1 1

. ' el s; = arg max hg (W. 41,8
[w alglggzcg,,(w)} ~ [ gseF(") vlt( t—1, )
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Methodology: MO-BAT Policy

Stopping Rule:

@ Chernoff's stopping rule (Kaufmann et al., 2016) inspired by Chen et
al. (2023).

o Let Ni,t T (t),t Elzm(t)
Z(t) ‘= min min Ve
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Methodology: MO-BAT Policy

Stopping Rule:

@ Chernoff's stopping rule (Kaufmann et al., 2016) inspired by Chen et
al. (2023).

o Let Ni,t T (t),t Elzm(t)
Z(t) ‘= min min Ve
(t) me[M] ie[K]\im(t) 2(Nie + NT,,,(t),t)

J/

approx of g‘gi’m)(w)
@ The stopping time of MO-BAI is

75 = min{t > K : Z(t) > B(t,6)},

where ((t,0) is a carefully chosen threshold.
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Theoretical Results

Proposition: §-PACness

Fix 0 € (0,1). Then, MO-BATI is -PAC, i.e., for all instances v,

PMO-BAL (70 < +00) =1 and

PMO-BAL( = 1*(v)) > 1 - 4.
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Theoretical Results

Proposition: §-PACness

Fix 0 € (0,1). Then, MO-BATI is -PAC, i.e., for all instances v,

PMO-BAL (75 < +00) =1 and

IP%{O-BAI (7; _ /*(V)) > 1-35.

Theorem: Asymptotic Optimality
Under MO-BALI, for all instances v,

MO-BAT
lim sup —~ 7 [7s) <c*(v) and
550+ log(5)
o o [ *
PMO-BAL( fim sup ~<c(v)] =1
5o+ log(5)

v
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Numerical Study on Synthetic Dataset
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Numerical Study on Synthetic Dataset
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Numerical Study on the SNW Dataset

0=0.1 0 =0.05
MO-BAI 968.82 + 58.21 1,023.77 £ 67.42
BASELINE 4,485.98 +124.92 | 6,168.29 4+ 132.01
BASELINE-NON-UNIF | 3,841.05 + 136.44 | 4,320.55 + 128.26
MO-SE 2,322.39 +461.54 | 2,411.16 = 421.88

Table 1: Average stopping times obtained by running 100 independent trials with

0 € {0.1,0.05} for the SNW dataset. In BASELINE and BASELINE-NON-UNIF,
we set ITER = 20.
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Conclusion

@ Multi-Objective Best Arm Identification problem with fixed-confidence

M=2 K=3
2 o8 0.1 0.3
=1, if=3
r@% 0.1 0.2 0.9

@ Pulling arm A; yields a vector of rewards

Xa,,m(t) ~ N(pa,m, 1) Vm e [M].
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Conclusion

@ Multi-Objective Best Arm Identification problem with fixed-confidence

M=2 K=3
2 o8 0.1 0.3
=1, if=3
r@\ 0.1 0.2 0.9

@ Pulling arm A; yields a vector of rewards

Xa,,m(t) ~ N(pa,m, 1) Vm e [M].

@ Derived an asymptotically optimal and efficient algorithm

E™ EMO—BAI

c*(v) <liminf —~ [7;6] < limsup ———7+—
§—0+ |og(3) 50+ |Og(3)
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