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Recommender Systems

Graph side-information helps!
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n users: Men (M), Women (‘W)

m movies: Action (A), Romance (R)
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Non-personalized binary rating
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Personalized binary rating
matrix V, where

_ | Bj@®Bern(0x), if j € A;
" |Bj ®Bern(6g), if j € R.
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Model (Observations I1)

@ Partially observed personalized binary
rating matrix V©

» Sample probability: p
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Model (Observations I1)

@ Partially observed personalized binary
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» Sample probability: p
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Model (task)

» Goal: recover M, W, A, R, Ay, Ro based on V¥, G}, G,
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Model (task)

 Goal: recover M, W, A, R, Ay, Ry based on V¥, G|, G,
* &= EM W, AR AR, cOllection of parameters

« B2 {valid Epm,w, AR AR, )-

Definition (Exact recovery)

For any estimator ¢, the max prob. of error is
Perr(9) = maxBe (9(V2,G1, Go) # £),

A sequence of estimators ¢ = {¢,} | satisfies the exact recovery

property if
r}l_)nolo Perc(pn) = 0.
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* Recover &y, w, 4, =, 7, ®, = Recover non-personalized matrix B
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Model (task)

* Recover &y, w, 4, =, 7, ®, = Recover non-personalized matrix B
* Recover non-personalized matrix B = Recover & p aw, 7, R, A, Ro
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Model (task)

* Recover &y, w, 4, =, 7, ®, = Recover non-personalized matrix B

* Recover non-personalized matrix B = Recover & p aw, 7, R, A, Ro

- . B S B

(1|2 [3]4 56| (1 [2[3]4]5 6|
SE¥ 1 1 0o o o 1 SEM 1 1 o 0o 0o 1
an 1 o 0o o0 1 SEN: 1 o o o 1
SQEN 1 1 0o 0o o 1 SQEN 1 1 o 0o 0o 1
S8 0o o 1 1 1 o SN o 0o 1 1 1 o
BT 0o 0o 1 1 1 o B o 0o 1 1 1 o
B0 0o o 1 1 1 o B0 o 0o 1 1 1 o

* Our task of learning M, W, A, R, Ay, and Ry is strictly more
difficult than only recovering the binary rating matrix B.
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Model (task) @

Example (Question)

What is the minimum sample complexity (nmp) for exact recovery?
1234156
0 1

[
=
o
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Model (task) @

Example (Question)

What is the minimum sample complexity (nmp) for exact recovery?
1234156
0 1

[
=
o

nmp =E [number of available entries in observation matrix VQ] .
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Main results

Theorem (Achievability)
(a) For 0 4 # Og, if

2-11)logn logm 2-5h) logm}

P > max{ 9 - 5
(vaa + vrr)m min{vaa, ver} - n 2t aRrn

(b) for 6 4 = O, if I, > 2 and

(2—-11)logn log m }

p > max{ "
(vaa + vrr)m min{vaa, ver} - n

then there exists an estimator ¢ satisfying 1im,,_,co Perr(¢) = 0.

* I and I, are “qualities” of G| and G»

* vaa, vgr: functions of 6 # and 0g.
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Main results

Theorem (Converse)

(a) For 0 4 # O, if

2-1I1)logn logm (1—12)logm}

p< max{ , — ,
(vaa + ver)m min{vaa, vrr}-n 21aRN0

(b) for 0 4 = Og, if I, <2 or

2-5)logn logm }
(vaa + ver)m min{vaz, vrr} -n)’

p<max{

then lim,,_,o Perr (@) = 1 for any estimator ¢ (i.e., a strong converse).
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Main results

* Bounds match for 6 4 = 0g

2-5L)logn logm

(vaa +vrr)m min{vaa, vrr} - n}
2-11)]logn logm

(vaa + vere)m’ min{vaz, vRR ) 'n}

p>max{

p<max{
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Main results

* Bounds match for 6 4 = 0g

2-5L)logn logm

(vaa +vrr)m min{vaa, vrr} - n}
2-11)]logn logm

(vaa +vrr)m’ min{vga, vrr) 'n}

p>max{

p<max{

* Bounds match up to a constant factor of 2 for 0 4 # Og,

2-1)logn logm (2—12)10gm}
(vaa + vrr)m min{vaz, vrr}-n 2Tagn
2-1I)logn logm (l—Iz)logm}

p>max{

p < rnax{ y T )
(vaa + vrr)m min{vaa, ver} - n 2t aRrn
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Example 1 when n = m (also includes n < m)

* Achievability:

logn { 2-nL) 1 2—12}
p > - max N N . N
(vaa + vrgr) min{vaa, vrr} ETyw_z/
T T> T3

VAA + VRR <Vﬂﬂ+V'R‘R
2 - 2-1

because min{v#.4, ver | <
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Example 1 when n = m (also includes n < m)

* Achievability:

log n { 2-1) 1 2—12}
> - max 5 " 5 s
(vaa + vrgr) min{vaa, Ve } ETyw_z/
T, T T;

) VAaA + VRR VAA T VRR
because min{v4.a, ver | < =

2 - 2-1
m . ]
- ?
Ty T, T3
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Example 1 when n = m (also includes n < m)

* Achievability:

log n { 2-1) 1 2—12}
> - max 5 " 5 s
(vaa + vrgr) min{vaa, vrr} ETyw_z/
T T T

. VAA T VRR _ YAA T VYRR
because min{v 44, ver} < <

2 - 2-1
I,=0 . =0
] ?
Ty T, T3

* Ty < T, = Row graph G, does not help
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Example 1 when n = m (also includes n < m)

 Achievability:

log n { 2-1) 1 2—12}
> - max 5 " 5 s
(vaa + vrgr) min{vaa, vrr} ETyw_z/
T T T

. VAA T VRR _ YAA T VYRR
because min{v 44, ver} < <

2 - 2-1
I,=0 . =0
] ?
Ty T, T3

* Ty < T, = Row graph G, does not help
* Does column graph G; help?
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Example 1 when n = m (also includes n < m)

0 0.1 0.2 0.3 0.4 0.5
0<6r <05
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Example 1 when n = m (also includes n < m)

0s 2-1) 1 2-h
max s T ,

Lo (vaza +vrg) min{vaa, vrr} 27ag
S N————
v 03 Ty T, T3
ﬁ 02 =0
(=1 ’1 =

o (64,6) in

0 green region .

0 0.1 0.2 0.3 0.4 0.5
0<6r <05
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Example 1 whenn =

Sample probability p
o o
o o
N (]

2-1) 1 2-1
max 5 . ’
(vaa +vgr) min{vaaz, vgr} 2Tar
\_\/_—/
T, T, T3
I,=0
I,=0
(64,6R) in
green region
0 0.1 02 03 04 05 T
0<0r <05 1
=~ Achievability|
.~ Converse 1
0.5 1 1.5 2

0<, <2
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Example 1 when n = m (also includes n < m) @
05 { 2-nL) 1 2—12}
max , — ,
Lo (vaza +vrg) min{vaa, vrr} 27ag
=] N————
703 T\ 7> T3
=
Ji02 =0
o o (9 0 ) ) I,=0
’ 4,UR) 1
o green region .
0 0.1 00; on §0§5 0.4 05 T, T, T
0.06
5005 * Observing column graph G, reduces
E 0.04 sample complexity nmp
g 00 . : * As I T, p first |, then stays constant.
<2002 ™. AU i "
g . ¢ Intuition: 8.4 = g = additional
o 001 information (i.e., G,) helps in
% 05 i 15 2 distinguishing communities.

0<,<2
~18/32 Vincent Tan (NUS) Community Detection and Matrix Completion




Example 1 when n = m (also includes n < m)

e { 2-1) 1 2—12}
max
0.4 9 . )
o (vaa + vrr) min{vaa, ver} 2TaR
703 Nl
v T T T3
>
gl 0.2 4 I = I, =0
o il MW
T, Ts

0

0 0.1 0.2 0.3 0.4 0.5
0<6r <05
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Example 1 whenn =

0.5

m (also includes n < m)

{ 2-1) 1 2-I }
max
0.4 ) . D)
i (vaa +ver) min{vaa, ver} 27ar
S 0.3 N————
V<<| Ty T, T3
02 _
Z ] I, = ;=0
edregon . L]
% 01 oz 03 o4 05 T, T3
0<60r <05
0.06
Achievability
i 0.055 Converse
Z 005
<
Q
S L0 [
o
2. 004
E 0.035
0.03
05 1 15 2
0<L<2
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Example 1 whenn =

0.5

m (also includes n < m)

{ 2-1) 1 2-1 }
max
0.4 s . >
" (vaza +vrg) min{vaa, vgr} 2Tar
S 0.3 N————
v T T T3
)
g 02 4 I = I=0
N B B
% 01 o2 o0s o4 o5 T, T3
0<6r <05
0.06
Achievability
i 0.055 Converse
g 0.05 ¢ Column graph G, does not help ®
] e —
2 oo * Intuition: 6 4 is far from g =
s 0 . . C e
S 0o Ample information to distinguish
@ 0. .
communities.
0.03
0.5 1 15 2
0<L<2
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Example 2 (n = 5m)

05
04
=
|03
>
V102

0.1

0 0.1 0.2 0.3 0.4 0.5
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Example 2 (n = 5m) @

05 52-1)) 1 2-1
04 max , R
L (vaz + vrRr) min{vaz, vrr} 2Tag
S N————
V103 T T, T3
3
J02 I, =0
(=1
0.1 (84,65) in .
% 01 02 03 04 05 T, T,

0<6r <05
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Example 2 (n = 5m)

0s 52-1p) 1 2-1
max . - .
Lo (vaa +vgr) min{vaaz, ver} 2Tar
oS N————
v 0.3 T T> T3
=
J02 I, =0
(=]
01 (64,6R) in .
0
0 01 02 03 04 05 T, T,
0<0zr <05
0.0125
=) \ Sh=0
1 ---1,=0.03
g 0.012 1} ---I,=0.1
-:g | R — converse (for any I)
E \
S 00115}
) R T L R E L e T
2 S
. i
% 0.011 '
<2 1
0.0105 s
0 0.5 1 1.5 2
0<; <2
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Example 2 (n = 5m)

08 { 52-1) 1 2—12}
max M )
Lo (vaa + vrr) min{vaz, vrr} 2Tag
=} —
v<\°~3 T T T
M 1,=0
g 0.2 1 L=0
o I m
0
0 0.1 0.2

0.3 0.4 0.5

T T T
0<0r <05 1 2 3
0.0125
B \ --h=0
---1,=0.03
g 0.012 \“ ___]2:0,1
£ [ — converse (for any 1) * Observing row graph G reduces
< .
2 00115 \\ ______________________ sample complexity;
g N . .
S oo i  Column graph G, also helps if /;
% exceeds red point.
0.0105 s
0 0.5 1 1.5 2
0<I <2
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Example 2 (n = 5m) @

0% { 52-1) 1 2—12}
max e ,
L (vaa + vrr) min{vaz, vrr} 2Tag
(=] —
\2 0.3 T T, Ts
)
02 =0
z I,=0
0.1 (B4,6) in
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% 01 02 03 04 05 Ty T, Ts
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Example 2 (n = 5m)

05 52-1)) 1 2-D
o max , — '3
.- (vaz +vgr) min{vagz vrr} 2Tag
oS N————
\2 03 T T, T
< I,=0
v| 02 2
o I,=0
0.1 (8,,6R) in
green region -
0
0 0.1 0.2 0.3 0.4 05 T, T, T3
0<6r <05
0.06
--h=0
; 0.05 \ - -ioivgi:e forI; =0
= \ Converse for I; = 0.5
= 004 N
—5 \\\ ---------- Converse for I = 1.5
20.03
2
g N
= 0.02 .
0 | “
0.01 : i
0 0.5 1 15 2
0<,<2
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Example 2 (n = 5m)

05 m 52-1) 1 2-1
0.4 ax > i )
- (vaa + vrr) min{vaz, vrr} 2Tag
(=} —
\Q 0.3 T, T, T3
)
02 I;=0
z I,=0
01 (64, 08) in
green region -
% 0.1 02 03 04 05 T, T, T3
0<6r <05
0.06
. [ p—}
T N Converse for I; =0
2005 \\ e
= Ny e Converse for I; = 0.5 .
2 000 e + Observing column graph G, reduces
<Q N Converse for I = 1.5 .
B oo ~ sample complexity;
o .
S o A * Row graph G also helps if I,
& AN exceeds red point.
0.01 : i
0 0.5 1 1.5 2
0<L<?2
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Example 2 (n = 5m)

0.5

52-1)) 1 2-1
0.4 max s . s
= (vaa +vrg) min{vaa, vgr} 27ag
7103 —
N Ty T T3
V)02 =0 L=0
< 01 (8,4, 6r) boundary between . .
green region -
0 T T T
o o1 02 03 04 05 1 2 3

0<6r <05
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Example 2 (n = 5m)

0.5
52-1p) 1 2-1
0.4 max s . s
i (vaa +vrg) min{vaaz, ver} 2Tag
e ~. —
V103 —~—
N T, Ty T3
V)02 =0
< 01 (8,4, 6r) boundary between . .
green region -
0
0 0.1 0.2 0.3 0.4 0.5
0<0zr <05
0.023
b o oo
i \ ---I,=0
= 00221} ---L =015
2 § --L =03
< “ ---------- Converse (for any I5)
—
20,021} Yommmmmmmccceeeeeeeee o ]
B \
= i
3 \
»2 0.02 E
0 0.5 1 1.5
0<L <2
"22/32 Vincent Tan (NUS)
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Example 2 (n = 5m)

0.5
max{ 52-1) 1 2-1
0.4 ) . B
2 (vaa + vrr) min{vaz, vrr} 2Tag
Vi 0.3 T T ‘}f‘
N 2 3
V102 L=0
< 01 (8,4, 6r) boundary between . .
green region -
0
0 0.1 0.2 0.3 0.4 0.5
0<6zr <05
0.023
o
> ) - L=0 * Observing both G| and G; reduces
= 0.022% ---L, =015 1 lexity:
z ! CL=-03 sample complexity;
2 Voo e Converse (for any I5) A .
gm v 2_ N * Observing only one graph is
é 3 equivalent to observing neither;
i
< A . . .
@ o002 * Synergistic effect of observing both
0 o5 ] s graphs G| and G!
0<L <2
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Proof Sketch of Achievability |

Maximum likelihood estimator ¢y

* Negative log-likelihood of ¢:

L(¢£) = —logPs(V2, Gy, Gy).
¢ Estimation rule:

£ = ¢mL(V®, Gy, Gy) = argmin L(£).

£€E
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Proof Sketch of Achievability |

Maximum likelihood estimator ¢y

* Negative log-likelihood of ¢:

L(¢£) = —logPs(V2, Gy, Gy).
¢ Estimation rule:

£ = ¢mL(V®, Gy, Gy) = argmin L(£).

£€E
* Probability of error:

Perr(pmr) = Pe (o (VE, G1, Go) # €7)

< Y Be(L®) <LE).
£eE\{&"}
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Proof Sketch of Achievability I @

© For each & # &%, bound error probability Pz« (L(£) < L(£7))
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Proof Sketch of Achievability I @

© For each & # &%, bound error probability Pz« (L(£) < L(£7))
* Overlap between M and W: k; = |Epm \ &yl = 1w \ €51
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Proof Sketch of Achievability I @

© For each & # &7, bound error probability Pg- (L() < L(£7))
* Overlap between M and W: ki £ [Ep \ €| = [Ew \ €,
* Overlap between A and R: ky £ [£4 \ £5] = [ér \ 5l
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BE &

Proof Sketch of Achievability I @

© For each & # &7, bound error probability Pg- (L() < L(£7))
* Overlap between M and ‘W: k| £ |€pm \ &yl = 1Ew \ffwl
* Overlap between A and R: k; = |€4 \Eql = 1€r \ &gl
* Number of distinct entries in B¢ and Bg+: ta 4, tRR-
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Proof Sketch of Achievability I @

© For each & # &7, bound error probability Pg- (L() < L(£7))
* Overlap between M and ‘W: k| £ |€pm \ &yl = 1w \ &5y
* Overlap between A and R: k; = |€4 \Eql = 1€r \ &gl
* Number of distinct entries in B¢ and Bg+: ta 4, tRR-

® P (L(€) < L(£Y)): function only of (ki, ko, taa, tRR)-

24732 Vincent Tan (NUS) Community Detection and Matrix Completion



BE ®

Proof Sketch of Achievability I @

© For each & # &7, bound error probability Pg- (L() < L(£7))
* Overlap between M and W: k; £ [Ex\ & = |Ew \ €y
* Overlap between A and R: ky = [Eq \ 5| = [ér \ El
* Number of distinct entries in B¢ and Bg+: ta 4, tRR-

@ P (L(§) < L(£7)): function only of (ky, k2, taa, IRR).

© Partition & € E\ {£*} into different types (ki, k2, t 4.4, tRR)
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Proof Sketch of Achievability I @

BE ®

© For each & # &7, bound error probability Pg- (L() < L(£7))
* Overlap between M and ‘W: k| £ |€pm \ &yl = 1w \ &5y
* Overlap between A and R: ky = |4 \ Eql =16 \ &gl
* Number of distinct entries in B¢ and Bg+: ta 4, tRR-

@ P (L(§) < L(£7)): function only of (ky, k2, taa, IRR).

© Partition & € E\ {£*} into different types (ki, k2, t 4.4, tRR)

@ For each type (ki, ko, t a7, IRR)

24732
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Proof Sketch of Achievability ||

© For each & # &7, bound error probability Pg- (L() < L(£7))
* Overlap between M and ‘W: k| £ |€pm \ &yl = 1w \ &5y
* Overlap between A and R: k; = |€4 \Eql = 1€r \ &gl
* Number of distinct entries in B¢ and Bg+: ta 4, tRR-
@ P (L(§) < L(£7)): function only of (ky, k2, taa, IRR).
© Partition & € E\ {£*} into different types (ki, k2, t 4.4, tRR)
@ For each type (ki, ko, t a7, IRR)
¢ Calculate Pg+(L(§) < L(£7)) by applying the Chernoff bound

1
P(X > &) < mine ™ - E(e), with 1 = =
>0 2
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Proof Sketch of Achievability ||

© For each & # &7, bound error probability Pg- (L() < L(£7))
* Overlap between M and ‘W: k| £ |€pm \ &yl = 1w \ &5y
* Overlap between A and R: k; = |€4 \Eql = 1€r \ &gl
* Number of distinct entries in B¢ and Bg+: ta 4, tRR-
@ P (L(§) < L(£7)): function only of (ky, k2, taa, IRR).
© Partition & € E\ {£*} into different types (ki, k2, t 4.4, tRR)
@ For each type (ki, ko, t a7, IRR)
¢ Calculate Pg+(L(§) < L(£7)) by applying the Chernoff bound

1
P(X > &) < mine ™ - E(e), with 1 = =
>0 2

* Count the number of elements in each type classes
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Proof Sketch of Converse |

® Maximum likelihood estimator ¢y, minimizes Peyr

inf Per(4) 2 B (o (V,G1, Go) # £7).
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Proof Sketch of Converse |

® Maximum likelihood estimator ¢y, minimizes Peyr
inf Per(4) 2 B (o (V,G1, Go) # £7).

@ Restrict analysis to a subset of E (likeliest to cause errors)
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Proof Sketch of Converse |

® Maximum likelihood estimator ¢y, minimizes Peyr
inf Per(4) 2 B (o (V,G1, Go) # £7).

@ Restrict analysis to a subset of E (likeliest to cause errors)
o (ki ko taz. trr) = (0,0,1,0): Pey > 1if p < 221

YAAN

~25/32 Vincent Tan (NUS) Community Detection and Matrix Completion



Proof Sketch of Converse |

® Maximum likelihood estimator ¢y, minimizes Peyr
inf Per(4) 2 B (o (V,G1, Go) # £7).

® Restrict analysis to a subset of = (likeliest to cause errors)
© (ki ko taz trR) = (0,0,1,0): Perr = 1if p < 150
° (kl,kz’ t.ﬂﬂa tﬂR) = (09 0, Oa 1) Perr s 1 lfp <

logm
VRRN
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Proof Sketch of Converse |

©® Maximum likelihood estimator ¢y, minimizes Peyy
inf Per(4) 2 B (o (V,G1, Go) # £7).

® Restrict analysis to a subset of = (likeliest to cause errors)
o (ki ko taz. trr) = (0,0,1,0): Pey > 1if p < 221

i’?l{}(n
° (kl,kz’ t.ﬂﬂa tﬂR) = (09 0, Oa 1) Perr s 1 lfp < V(;gﬂr:i
. 2-11)1
* (ki ky, taz, trg) = (1,0,0,0): Perr = 1if p < %'
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Proof Sketch of Converse |

©® Maximum likelihood estimator ¢y, minimizes Peyy
inf Per(4) 2 B (o (V,G1, Go) # £7).

® Restrict analysis to a subset of = (likeliest to cause errors)
o (ki ko taz. trr) = (0,0,1,0): Pey > 1if p < 221

YVAAN

o (ki kot trR) = (0,0,0,1): Pey — 1if p < 1027

VRRN

° (k19k29t.ﬂﬂ7 tRR) = (1909090): Perr - 1 lfp < M

vaa+ver)m’

o (ki ko tazs trg) = (0,1,0,0): Pey — 1if p < U5l22ozm

2T apn
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Proof Sketch of Converse |

©® Maximum likelihood estimator ¢y, minimizes Peyy
inf Per(4) 2 B (o (V,G1, Go) # £7).

® Restrict analysis to a subset of = (likeliest to cause errors)
o (ki ko taz. trr) = (0,0,1,0): Pey > 1if p < 221

i’?l{}(n
° (kbkz’tﬂﬂa tﬂR) = (090a0a 1) Perr s 1 lfp < V(;gﬂr:i
. 2-11)1
° (k19k29t.ﬂﬂ7 tRR) = (1909090): Perr - 1 lfp < %

© (ki kot trr) = (0.1,0,0): Pe — 1if p < U522108M
* Tightness of Chernoff bound
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Proof Sketch of Converse |

©® Maximum likelihood estimator ¢y, minimizes Peyy
inf Per(4) 2 B (o (V,G1, Go) # £7).

® Restrict analysis to a subset of = (likeliest to cause errors)
© (ki ko taz trr) = (0,0,1,0): Pey — 1if p < 222
© (ki ko taz trr) = (0,0,0,1): Peyr = 1if p < 1222
¢ (ki taz 1rR) = (1,0,0,0): Pe = 1if p < poctlosn
© (ki ko taz trr) = (0,1,0,0): P — 1if p < U52loen
* Tightness of Chernoff bound

® Prob. of error tends to 1 if

2-1)logn logm (l—Iz)logm}
(vaa + veRR)m min{vagz, vrr}-n’ 2Tarn '

p<max{
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Proof Sketch of Converse Il

® Maximum likelihood estimator ¢y, minimizes Peyy
inf Per(4) 2 P (w.(V, G1, Go) # 7).

® Restrict analysis to a subset of = (likeliest to cause errors)
o (ki ko taz tgR) = (0,0,1,0): Py — 1if p < 2027

YAAN
° (kl,k29 tﬂﬂs tRR) = (Os 09 Os 1) Perr - 1 lfp < logm

VRRN

o (ki ko taz trg) = (1,0,0,0): Pey — 1if p < 2ilosn

(vaa+vgrr)m*

o (ki ko, taz trr) = (0,1,0,0): Per — 1if p < U522 oem

2T agn
¢ Tightness of Chernoff bound
® Prob. of error tends to 1 if
2-0)1 1 1-1)1
p<max{ (2-1)logn . logm ’( 2) Ogm}‘
(vaa +ver)m min{vaa, ver}-n  2Tagn
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Proof Sketch of Converse |1l

Psucng*( M {L<§)>L<§*)})

£€,4+(1,0,0,0)

=P§*( M {L(;"éé';f))>L<§*>})
ie[l:g],j€[§+l:n]
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BH &
Proof Sketch of Converse |1l

€

Pac <Pe| (] L&) > LE)

£€5,+(1,0,0,0)
. - S
) .. 6T oo
*(i, M1 1 0 o o 1
e[ N ) e BT
. 1 in é‘*gn 11 0 0o o 1
i€[l:5],jel5+1:n] Sl o o 1 1 1 o
8000 0o 1 1 1 o
S0 o 1 1 1 o
. e*(1,4) = 1 .
row € Eg+(1,0,0,0): swap row 1 & row 4 S B
| 11213045 6]
2 o 0o 1 1 1 o
SQEll1 1 0o 0o o 1
5*(114).0' 11 0 0 o0 1
Y OEM T 1 o o o 1
B0 0o 1 1 1 0
Sl o 0o 1 1 1 o0
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Proof Sketch of Converse |1l

Pac <Pe| (] L&) > LE)

i o
- 1|2
£€B£+(1,0,0,0) % 11 0 0 0 1
SEl: + o o o 1
é‘*a 1 1 0 0 o 1
_ #(i,]) % SN o o 1 1 1 o
=Pe| (] {r(aw)>Le) ] g
i€[l:5].je[5+1:n] =
BT
*(1 4) — .:_ o 0o 1 1 1 o
* brow € Eg+(1,0,0,0): swap row 1 & row 4 5*04)5- SN KA R
*(1,5 —_ o E d|a|0j0j0]1
. r(fw )Edg*(l,0,0,0): swap row 1 & row 5 Sl o 0o 11 10
SEl o o 1 1 1 0
i - -
[ 12304156 ]
SFW o 0o 1 1 1 o0
QEM 1 1 0o 0o o 1
E*(1,5)3 11 0 0o o 1
Tow BFT 0o 0o 1 1 1 o0
QBN 1 1 0o 0o o 1
Sl o o 1 1 1 o
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Proof Sketch of Converse |1l

Pac <Pe| (] L&) > LE)

S5
1|2
fEEé:*(l,0,0,0) SQEM 1 1 0o 0o o 1
QEN 1 1 0 0o o 1
é‘*a 1 1 0 0 o 1
i SN o o 1 1 1 o
= P{:* ﬂ {L( :()(vl;j)) > L(f*)} Sl o o 1 1 1 o
. n1 os-rn Sl o o 1 1 1 o
16[1:3],]€[§+1:n]
|1 [2 ]3]+ ]s ]|
*(1’4) — . .:_ o 0o 1 1 1 o
* brow € Eg+(1,0,0,0): swap row 1 & row 4 5*(1’4):5:1 N Nl R
— Y QBT 1 0 0 o 1
o g3 e m +(1,0,0,0): swap row 1 & row 5 2Bl o o 1 1 10
row (1.4) & (1.5) SEl o o 1 1 1 0
* *
* {L Yy > L(&F L 77y > L(&F
(LELY) > LED) & ALEDY) > LE) I
correlated ENEENENENEE
SFW o 0o 1 1 1 o0
QEM 1 1 0o 0o o 1
E*(1,5)3 11 0 0 0 1
Tow BFT 0o 0o 1 1 1 o0
QBN 1 1 0o 0o o 1
Sl o o 1 1 1 o
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Proof Sketch of Converse |1l

Pac <Pe| (] L&) > LE)

ﬁﬁﬁ%‘%‘
—_ 1 2
fE:‘g*(l,0,0,0) SQEM 1 1 0o 0o o 1
[+}
R
. BB o
e[ () (EY) > L) - O
a8
ie[1:4],je[4+1:n] S
G
1 2 3 4 5
*(1’4) — .:.001 11 0
* brow € Eg+(1,0,0,0): swap row 1 & row 4 5*074)51 SE D
— row SEll: 1 0o 0o 0 1
o« & € E4(1,0,0,0): swap row 1 & row 5 - R
a o 0 1 1 1 o0
#(1,4) * #(1,5)
CALESY) > LE)) & (LES) > LED) e
correlated . BE e
SFl o o 1 1 1 o
o
* Caused by row graph G and row 1 of 5*(1,5>§i =
. . Tow BFT 0o 0o 1 1 1 o0
ratlng matrix QBN 1 1 0o 0o o 1
Sl o o 1 1 1 o

27732 Vincent Tan (NUS) Community Detection and Matrix Completion



Proof Sketch of Converse |1l

{L(&) > L&D}

Psuc < Pg* ﬂ

£€,4+(1,0,0,0)

=Pe| [ {r(aw”) > Len)
ie[l:g],j€[§+1:n]

Y € Ep(1,0,0,0): swap row 1 & row 4

° :évlv’s) € E¢+(1,0,0,0): swap row 1 & row 5

CALESY) > L(E")) &ALES) > LE™)
correlated

* Caused by row graph G| and row 1 of
rating matrix

CALESED) > L(£")), are correlated

i i -
121345
SQEM 1 1 0o 0o o 1
QEN 1 1 0 0o o 1
é‘*a 1 1 0 0 o 1
SN o o 1 1 1 o
Sl o o 1 1 1 o
SEl o o 1 1 1 o
2 2
-
SFf o o 1 1 1 o
QBN 1 1 0 0o 0 1
5:0(‘},’4)3 11 0 0 o 1
SEll: 1 0o 0o 0 1
85 0 0 1 1 1 0
SEl o o 1 1 1 0
i -
., BB ENEEE
SFl o o 1 1 1 o
QEM 1 1 0o 0o o 1
E*(1,5)3 11 0 0o o 1
Tow BFT 0o 0o 1 1 1 o0
QBN 1 1 0o 0o o 1
Sl o o 1 1 1 o

27132 Vincent Tan (NUS)
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Proof Sketch of Converse IV

* Extract
n

fn) =

~n
log? n

nodes that are not connected to one another. Exists w.h.p.
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Proof Sketch of Converse IV

* Extract "
n) =
o = o

nodes that are not connected to one another. Exists w.h.p.

* Wlo.g,say [1:f(m]U[5+1:5+/(n)]
(1213145 /67 8]0 10]11 1]
1 1 0 1

~n

SN

f(n)~{u0_n 1 0 0 1
i E 0 ;
an 1 1 0 0
. I :

f(n){g 0 0 1 1
S o 0 11 0
2N o 0 e 1
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Proof Sketch of Converse IV

* Extract
n

n) = ~n
o=

nodes that are not connected to one another. Exists w.h.p.
* Wlo.g,say [1:f(m]U[5+1:5+f(n)]
(112314567 89 10]11]12]
1 1 0 1

iEm

JORF- 2 | 1 0 0 1
2 s 0 :
;[ e

0

R T :

HORY-Y " . i 0 1 1
S o 0 11 0
oEM o o ;o ;

* Remove correlations caused by the row graph G

Pe < Py M {L(&w) > LM}
i€[Lf (m]jel5+1:54f ()]
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Proof Sketch of Converse V @

L&) > L&) )y are correlated (.., {L(&my ™) > L(£)
& {L(.ff(fvlv’s)) > L(&")} correlated through row 1 of rating matrix)
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BE ®

Proof Sketch of Converse V @

L&) > L€}y are correlated (e.g., (L) > L(E"))
& {L(§:(f\,1;5)) > L(&")} correlated through row 1 of rating matrix)

; #(0)  @*()
* Define new random matrices §ro(w, oW
ENIE S ENEREE N
.ﬂ. o 0o 1 1 1 o P_ 11 0o o0 0 1
SQEN 1 1 0 0o 0o 1 SQEN 1 1 0 0o 0o 1
f*(l)gn 11 0 0 o0 1 «)QEMl T 1 0o 0o 0 1
ow QT 0 0 1 1 1 o row BFF 0 0o 1 1 1 o
Sl o o 1 1 1 o QBN 1 1 0o 0o o 1
Sl o o 1 1 1 o0 Sl o o 1 1 1 o
*(1 * * *
Pac<Pe| () {LED>LE | ] (L& >Le)
ie[l:f(n)] €[5 +1:5+f(n)]

T29/32 Vincent Tan (NUS) Community Detection and Matrix Completion



BE ®

Proof Sketch of Converse V @

L&) > L€}y are correlated (e.g., (L) > L(E"))
{L(fr(fvlv 5)) > L(&")} correlated through row 1 of rating matrix)

; #(0)  @*()

* Define new random matrices §ro(w, oW
--n--n N
[ 1 D 0 SEl: :+ o o o 1
SQEN 1 1 0 0o 0o 1 SQEN 1 1 0 0o 0o 1
f*(l)gn 11 0 0 o0 1 «)QEMl T 1 0o 0o 0 1
ow QT 0 0 1 1 1 o row BFF 0 0o 1 1 1 o
Sl o o 1 1 1 o QBN 1 1 0o 0o o 1
Sl o o 1 1 1 o0 Sl o o 1 1 1 o

#(i ®
Pae<Pe| [ {LEWD>LE} e | (L& >Lien)
i€[l:f(n)] elg+1:5+f(m)]

 AL(EDY > L(E) Yieq17() are independent
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Proof Sketch of Converse V

L&) > L€}y are correlated (e.g., (L) > L(E"))
{L(fr(fvlv 5)) > L(&")} correlated through row 1 of rating matrix)

; #(0)  @*()

* Define new random matrices §m(w, oW
--n--n N
[ 1 D 0 SEl: :+ o o o 1
SQEN 1 1 0 0o 0o 1 SQEN 1 1 0 0o 0o 1
f*(l)gn 11 0 0 o0 1 «)QEMl T 1 0o 0o 0 1
ow QT 0 0 1 1 1 o row BFF 0 0o 1 1 1 o
Sl o o 1 1 1 o QBN 1 1 0o 0o o 1
Sl o o 1 1 1 o0 Sl o o 1 1 1 o

#(i ®
Pae<Pe| [ {LEWD>LE} e | (L& >Lien)
i€[l:f(n)] elg+1:5+f(m)]

 AL(EDY > L(E) Yieq17() are independent
“ L&) > L&)} jera+1:847n) are independent
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Efficient algorithm: Spectral + Local MLE @

V2 GG,

Approximately
Recover

MO WO ZO) RO
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Efficient algorithm: Spectral + Local MLE @

Ve G, G,
. Approximately
roprosmaay o
MO, WO, ZO RO @1, B1, @2, B, 04, OR
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Efficient algorithm: Spectral + Local MLE @

V2 GG,

e Approximately
Recover

ai, B1, @2, 2, 07, 0r

Approximately
Recover

MO WO ZO) RO

Correct
M, W

Users

Ly MO, WO, ve )
14 s s

graph info, ~ matrix
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Efficient algorithm: Spectral + Local MLE @

V2 GG,

e Approximately
Recover

&’A’&’A’é\ ’é\
131 2, B2, 071, O

Approximately
Recover

MO WO ZO) RO

Correct

Correct
M’ w Items ﬂ’ R

Users

L (i, MO WO, vy
14 B Pl

graph info. matrix
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Conclusion @

* Recommendation system with two-sided graph side-information

=N

i

ST el

~O 0 1
A s

AR :
’\n 0 0 1

~ 1 :
\’\n 0o 1 1
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Conclusion @

* Recommendation system with two-sided graph side-information

=N

- —— i - i

-n“nﬂn
k] 1 |
A 2o
! 3 | 0
’\no 0 1
I :
n 0o 1 1

* Derived information-theoretic bounds on the sample complexity
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Conclusion

* Recommendation system with two-sided graph side-information

== =
e b
D
s 1 | 0 1
A1 Lo
~ER 0
7"‘ n 0 1] 1
~ | R :

\hn 0o 1 1

* Derived information-theoretic bounds on the sample complexity

* Synergistic effect of using both graphs

%
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Conclusion @

* Recommendation system with two-sided graph side-information

- s
L
(1 ]2 |34 ]5]6
ol 1 | 0 1
~ In 1 1 0
"n 1 0
7 [+ O 0 1
=~ | 0

ol 6 | 0o 1 1
* Derived information-theoretic bounds on the sample complexity
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