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Motivation
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Hybr\id O'F BTL and NMF Ami: skill of player i in tournament m

Bradley-Terry-Luce (BTL) NMF
Non-negative Matrix Factorization (NMF)

O
-
TS L
SX O N
T 0T
2o
0O
|—|
oe 5 N Skill on type-I surf
b (>3 %D players K H
= Skill on type-II surf
i Wimbledon
Australian Open
French Open
" - A
tournaments | :
Pr(player i beats player j in tournament m) = BTL

R. Bradley and M. Terry. Rank analysis of incomplete block designs I: The method of paired comparisons. Biometrika, 35:324--345, 1952.
R. Luce. Individual choice behavior: A theoretical analysis. Wiley, 1959.

5
D. D. Lee and H. S. Seung. Learning the parts of objects with nonnegative matrix factorization. Nature, 401:788—791, 1999.



GIVEN: D ~ M (N x N) matrices

N players

(m)
bU

N |
players

:?\\*k:4 tournaments

Output: W ~ (M x K) matrix

H~ (K x N) matrix

-

Such that

is maximized

Likelihood

v
Number of times
player i beat player j
in tournament m

M
[Im=1 H(i,j)([WH]mi+[WH]mj)

(WHImi by




Task: Minimize the negative log-likelihood

log P(W,H|D)

Find argmin ('_
W,H=> 0

= argmin ( Z Z ( WH mr) -+ 10” ( WH] \mi T [WH]HUH )
W,H> 0 m=1 ( fjlePm

Convex? No!

Objective function not guaranteed to decrease using standard gradient-based algorithms
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Majorization-Minimization algorithm

u(x, )

1) 1. u(z,x) = f(x) for all z € X;
ﬂ)g)) 2. u(z,z®) > f(z) for all (z,zV) € 2.

N L/ /N

3. u(z,zW:d)|. .0y = f(xW:d) for all d such that V) + d € X, where

%, .
u' (2, 2W: d) = —u(x, zWY: d), and [f'(x:d)= a—f(;r.:, d)
T

o

4. u(z, W) is (jointly) continuous in (z, z®").

N\
(1L

X = Xmin

» Stationary point of f(x)

9




min f(W,H|D)

w+D u; (W, w® IH®)

H(l+1)

U, (H, H(l) |w(l+1))



M
Y )Y b [ log ( WH log ( W W
m=1 [:I'JF]E# m

— >~ byj[log®; - log(b;) ‘+‘

(%,7)

1
By Taylor’s Theorem wmmmm logy < logx + —(y — x).
x

y

——
0; + 0 )

1) ) () LYy
u(6,0 ZbU !log@ —log(9 +60,7) — 9(” g0 + 1] — 9’§l+1 ~
' J

]
X l_'_l
X

>z bij

[ [
S si(biy +00)/ (05 + 0)
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.
ﬁfgl (L}’gpm ! [

Y WDy =
oy (W, W HE) = WOHOD .+ WO WH i + WHD,,
+log { [WWHY |, + [WYH Imj | =+ WOHO], + [W(”H“]}m}f -1
By Jensen’s Inequality _ w R
- log(x) is a convex function With Apri = [W?EJ;‘:HT;@

l

- mk ki Wik Pki w hi; Wk N
_log[z Wynkhki] = —log {Z)\mm u,}\ Rk ] Z}\mka log { k 1_”6 } = — Z [ mk - log kK [W(I)H]mi
k k

mki

FIEX)) < E(f(X)) "



Auxiliary Functions

u (W, WO HD)

) (40
-L |- Tt

m [:If E-'Dm

KO0

(
i

— log ( '
|mi _

[WH“}imE + [WH“}im;'

WOHD], .+ [(WOHO)

_ 1]
mj

1, (H, HD [Wwi+1))
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Updates for

MM algorithm

l
E p) w?(n)k P
Y [W(Z)H]mz

PGSy (1,5)E Py iji
e
(i,)EP,, j#i Y [W(Z)H] : [W(Z)H]mj
(1)
wmkhkz
2
B(l-ﬂ) — mo g7

Z Z (bij =+ bji ) [WH(Z)]W. i [WH(Z)]mj

m J#Z

14



1. BTL-NMF Algorithm

* Majorization-Minimization Algorithm
* Resolution of Numerical Problems

* Normalization

 Convergence Analysis

2. Experiments Using Real Life Dataset
e Dataset Information
* Runningof Algorithm
 Men Players
*  Women Players

3. Comparison with Mixture BTL

e Qualitative Comparison
* Prediction Task & Result Comparison

15



May Divide

by © or small numbers

Z b(’m') Tnkzh’k’
" (l)H]m" — 0
G (4,7) € Pm:j#i
mk — 'm) hkz + hkg

m ikl i
ZZ()( ) w};(ll)kml

B(HD mo g7

b(fm b ’m,) Wmk
E:EZ( i )ﬁNHW}-+ﬁNH®MU

m j#l mi
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Desired Properties

Property 1: Likelihood is always non-decreasing
(Objective Function should be non-increasing)

Property 2: W,H are non-negative

Property 3: No division by zero/Numerical problems

17



Proposed Solution

+Ej

WH mi
Likelihood (W,H|D) = H II « 'WH] }[WH] -
m=1 (i,5)EP,, mz e

M

( [W(H -+ 611)}7?1.-:5. bg;n')
WH +el)],,,; + [W(H+€l),,;

m=1(i,j)€ P,



M
Z Z bgn) |: — 1()?;(2 u_‘m+ 10%(2 u_'.m;b Z I.i.‘mk@
k

m=1 (i j)€ P k l k

fe Z Z b(-?t)[—l()ﬁ‘zumk —|—1()cr Hmk+zumk
m=1 (2,7)eP,, . k

QN3 wt) h(l}
> bﬁﬁf)[\i{’f?ﬂT | bi}”) W) }I((I} +E)
G (1,§) € Ppn:ji# " _(I+1) (i:5) | ( D)lmi
‘mk . hpi + hp. Wk — (l} (!)
Z b( ) J {m) h + h» QE
g [W(E)H]?ni + [W(J)H]mj b;.

(i,§) € Pmj#i o wOHO 4+ eﬂ)]m + [WUTH(U + €1)]pmy

(2,9)
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F(14+1) _
h’ki

b B
T

I+1)

m) Wm h(a
> 0 D

m-z.
m jFi

m i

Z Z (m) (m) W I
WHO)],,; + [WHO],,,;

2

T

(m) (H—l)(h(U +€)

mk

ij WD (HOD + e1)] s

JF1

z Z(b{’m) + b(m)

m jFi

f

UESY)

Wk

[W(I+1)(H(i’-) + el)]mi + WD (HOD + el)],;

g—l—l} 4 max {f?}g—i_l),O}

D
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Desired Properties

Property 1: Likelihood is always non-decreasing
(Objective Function should be non-increasing)

vV

Property 2: W,H are non-negative

v

Property 3: No division by zero

21



How to make sure the likelihood is non-decreasing
or the negative log-1likelihood is non-increasing?

Suppose h“H} = 0 and !gﬁl) h}f,) for all (K',i") # (ki)

Want to show:
f.(W,H*Y) < r.(w,HD)

Always satisfied
by the property of auxiliary function:

f.(w, HEY) < w, (&Y, AV |w)

Suffices to show:

(B0, HOW) < 7,(w, )

22



Notice that the truncation is invoked only when

2 0

e M (m) (1) wmkﬁ(l.)

lo + (bi; " +0;;") F :
g(fll((ll) + 6‘) ”iz:(l, ]%73 | : [W(H(Z) + 6]1)]7111' + [W( ) + 6]1)]711]'

Ll)EFm
same sdme
(m) __w, ™ () +e)
%f%f:(g)em bff (WED(HD el )],

DAY

m j£i:(i,j) €Pum

(m) (m)_, [I+T)
(bjj +bj1' )wmk

WD (HO +e1) ]+ (WD (HO +el)]




fe(W

_bg(w

+ Z >
m=1 j#i:
('ij)EP,n

L X
m=1 j#i:
(1,) € P

)—Ll( (141) I:I ‘W)

Wik

(m) b(fﬂ) _ ~
<€ - Z Z ji ) [W(H(I) + e]l)}mf -+ [W(HU) + €]l)}mj

m=1 j#i:
(1,]) € P
~ (1
nr 4 b(m)) { Z{)?,?khfgi) }
(WHD +e1)],; + [WHD + ell)]m;
= (1
(m) (m) [ Wink (_elog(hlgf) + 6) N EU))]
[W(I:I(l) T e]l)]rm' + [W(I:I(” + 61”?11}' i € ki
2 0
r (1)
h.: .
—elog(TR Ty L 70 5
c k
il} (5)
= > log (- St mmmm e >+ 1,V >0
R R
= exp( |
¢ ‘
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Property 1: likelihood is always non-decreasing \I
Property 2: W,H are non-negative \I

Property 3: No division by zero \I
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Pr(i beats j in tournament m) =

Zk WOk (@ + €)

Zk Wik (@+ 6) + Zk Wi (@ + 6)

27



Row Normalization of W and Global Normalization of H:

Keep likelihood unchanged > , w,. =1, Zk,i hi, =1

)k ZDfrxk(Eki + 6)
Zk z"Dmk(hki + 6) + Zk wmk(hkj + 6)

Cm ‘= Zk Wik 1

Yk 2 (T + €)
Yk 2 (T + €) + Y 2 (g + €)

Cm

=al|

h +€)
Zk Wink ( kl

I +€)
( kz ‘|'Z Wik

I
Zk WOk —(x— ( kI?LE)

hrs — E@ 1 —
hri + (1 a)€+€~ Z ki + ( az)e:

(0] (# 4
k.i

o=

_ Wink
Wik <
Cm
o+ (1—w)e
hkl S

Zk,z‘ FlkH-KNe
1+KNe
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Column Normalization of W and Global Normalization of H:

Keep likelihood unchanged > o Wiy = 1. Z;H hii =1

Zk ZDH’I/C(EM + 6)
Zk wmk(hki T 6) + Zk z-"Dmk(hkj + 6)

R @, o
dk : Em (/Uju.k 1 Wik . E;Ik hkl' - hkzdk 4 e(dk - 1)
Yk g% (i + €)d :
Zk wmk (hkl _|_ e)dk + Zk wmk ( ] + €)dk
o 1 hki%hki‘l'(;_ﬁ)e

(hyi+e€)
Zk Wik I

b
fii+e€) fii+e =
Zk Z'U!?'Ik ( kl[ —|_ Z ZU}” ( klﬁ; ) 1+KNe

> EE[A} mi = Yom 2 Dk w?ffkhkf = )ik hki > Wik = Zk,z’ hki =1
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x) | —>00 » Stationary pointof f(x)

31

Directional Derivative:

o f+Ad) - f()
filxd) = lim pl

Stationary Point (W,H) of:

min fe (W, H)

MXxXK KXN
We RMXK, He RKX

If for f(WIH)=f.(W H), f,(HIW)=f(W,H):

fiW,w—-W|H) 20, VWe R{¥¥
f(H;H—H|W) >0, VH € RKXN

31



Convergence analysis of block successive minimization methods

n
Given f(x) to be minimized on domain X = 1_[)(1'

V (P1)
V (P2)

(P3)

(P4)

(P5)

=1

Fi(%;|%) = f(x), for any X € y
Fl(xllf) < f(fl, ...,Xi,...,fn), for any (Xi,f) E Xi XX

F;(-|+) is differentiable on int y; X int y;
there exits a function g(-|%): VF;(-|X) = g(-/%;|%)

n=2  y=RWNKxREXN

f(x) = fe(W,H)

f1WIH®) = f (w,HD)
f2(HwHD) = F (wD H)

F1(x1|%) = uy(W, WO |HD)
Fy(x2|%) = uy(H, HO|w+D)

Define f;(:|%): x; » f(Xy, ..., x;, ..., %), for any (x;,%) € y; X x
Then for any % € y;, F/(x;;%; — x;|%) |x,=%, = fi' (i X — x| %) |x,=%,

F;(-|X) is strictly convex on yx;, for any X € y

M. Razaviyayn, M. Hong, and Z.-Q. Luo. A unified convergence analysis of block successive minimization methods for nonsmooth
optimization. SIAM Journal on Optimization, 23(2):1126--1153, 2013.
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'\I (P3) u4 and u, are both differentiable
V(P4 w (W, W —-W|W,H)|y_w= fW;W - W|H)

wy,(H; H— HW,H)|y_g = f,(H; H— H|W)

P5 u (W, WHY) = bij ( )
V ( ) 811)72]#6 (i,j)ZE:'Pm J {WCE)(H(” + E]l)]mz wmk ka > 0, hki 2 O

(I+1)

H WHEHD O = plm) mk ki
8/1%3. u2( ) | ) zm:j?gi.(izj;ep ] [W(H—l)(H(l) 4 e]l)]mé, (hki + 6)2

Theorem 1. If W and H are initialized to have positive entries (i.e., w0 ¢
RMKK (0, 00)M*K gnd HO ¢ RKKN) and € > 0, then every hmit point of

{(W("’ HW)}o° . generated by Algorithm 1 is a stationary point of

WeRY XIETIERE xN fe(W, H)

R. Zhao and V. Y. F. Tan, “A Unified Convergence Analysis of the Multiplicative Update Algorithm for Regularized NMF”, IEEE Transactions
on Signal Processing, Vol. 66, No. 1, Pages 129 — 138, Jan 2018 33
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1)

Australian Open
Roland Garros

Tournaments that yield the most ranking points

Rafael Nadal

Wimbledon Novak Djokovic
US Open David Ferrer

Indian Wells Masters The four Grand Slams Tomas Berdych
Madrid Open ATP World Tour Finals Roger: Federer

Miami Open

Andy Murray

Monte-Carlo Masters Nine ATP Masters 1000 Fernando Verdasco

Pairs Masters

Italian Open

Canada Masters
Cincinnati Masters
Shanghai Masters

ATP World Tour Finals

$

Philipp Kohlschreiber
Richard Gasquet
Gilles Simon

Stan Wawrinka
Jo-Wilfried Tsonga
Marin Cilic

Feliciano Lopez

John Isner

Nicolas Almagro

Juan Martin del Potro

Gael Monfils

M=14 Top 20 players who both Milos Raonic

Have the highest number of participation
in the 14 tournaments from 2008-2017

Kei Nishikori

Have the highest total number of matches
played from 2008-2017
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Rafael Novak David Tomas Roger Andy  Fernando Philipp Richard

Name Nadal Djokovic Ferrer Berdych Federer Murray Verdasco Kohlschreiber Gasquet
Rafael Nadal 0 0 0 1 3 1 1 2 0
Novak Djokovic % 3 2 3 @ 2 0 0
David Ferrer 1 0 Q 0 0 0 0 0 1
Tomas Berdych 1 0 0 a 0 0 1 1 1
Roger Federer 1 1 0 4 0 2 0 0 0
Andy Murray 1 2 1 1 o] 1 0
Fernando Verdasco 1 0 0 0 1 O 0 0
Philipp Kohlschreiber 0 0 0 0 0 0 0 ) 0
Richard Gasquet 0 0 0 0 0 @ 0 0 ~Zeros on the diagonal
\ \ / (b = 0)
True zeros Missing data
Non-zero (bi(;n) =0, bj(im) >0) (bi(}n) = bj(im) =0)
Male Female
Total Entries 14 x 20 x 20 = 5600({16 x 20 x 20 = 6400
Number| Percentage [Number| Percentage

Non-zero 1024 18.30% 788 12.31%

Zeros on the diagonall|| 280 5.00% 320 5.00%

Missing data 3478 62.10% 4598 71.84%

True zeros 818 14.60% 694 10.85%
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Stopping condition:

. [+1 [ [+1 {
dﬂf%—-nun({rnax}uénk)-—zu&L,rnaxihéj')—-hég } < 10-°
m, k k , 2
#appearance/150 trials #appearance/156 trials
40 | 201
30 4 15 A
201 10 -
10 - 5 -
0- .
648 650 652 654 656  Negative log-likelihood 616 618 620 622 624 626 628 Negative log-likelihood

(A) K =2 (B)K = 3
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Learned W Dictionary Matrix for men

Tournaments

Row Normalization

Column Normalization

Australian Open
French Open
Wimbledon
US Open
Indian Wells Masters
Madrid Open
Miami Open
Monte-Carlo Masters
Paris Masters
Italian Open
Canadian Open
Cincinnati Masters
Shanghai Masters
The ATP Finals

5.77E-01
3.44E-01
6.43E-01
5.07E-01
6.52E-01
3.02E-01
5.27E-01
1.68E-01
1.68E-01
0.00E-00
5.23E-01
7.16E-01
5.72E-01

4.23E-01

6.56E-01 €

3.57E-01
493E-01
3.48E-01

6.98E-01 &

0.00E-00
4.77E-01
2.84E-01
4.28E-01

1.15E-01
- 8.66E-02
6.73E-02
4.62E-02
1.34E-01
- 6.43E-02
4.95E-02

L 2 24E-02
L 1.29E-02
- 1.82E-104

1.28E-01
1.13E-01
1.13E-01
4.59E-02

7.66E-02
1.50E-01
3.38E-02
4.06E-02
6.50E-02
1.34E-01
4.02E-02
1.01E-01
5.76E-02
1.36E-01
1.78E-152
9.36E-02
4.07E-02
3.11E-02

® @
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Hard Court player—>
Clay player =—>»
Grass player ——>
Non-clay player =

Clay player =

Learned Transpose H Coefficient Matrix for men

non-clay clay
Players matrix H Total Matches

Novak Djokovic 1.20E-01 = 9.98E-02 283
Rafael Nadal 2.48E-02 241
Roger Federer _ 2.34E-02 229
Andy Murray 7.57E-02 | 8.43E-03 209

Tomas Berdych 0.00E-00 | 3.02E-02

David Ferrer 6.26E-40 | 3.27E-02
Stan Wawrinka 2.93E-55 | 4.08E-02 141
Jo-Wilfried Tsonga 3.36E-02 | 2.71E-03 121
Richard Gasquet 5.49E-03 | 1.41E-02 102
Juan Martin del Potro | 2.90E-02 1.43E-02 101
Marin Cilic 2.12E-02 | 0.00E-00 100
Fernando Verdasco 1.36E-02 | 8.79E-03 96
Kei Nishikori 7.07E-03 2.54E-02 94
Gilles Simon 1.32E-02 | 4.59E-03 83
Milos Raonic 1.45E-02 | 7.25E-03 78
Philipp Kohlschreiber | 2.18E-06 | 5.35E-03 76
John Isner 2.70E-03 1.43E-02 78
Feliciano Lopez 1.43E-02 | 3.31E-03 75
Gael Monfils 3.86E-21 1.33E-02 70
Nicolas Almagro 6.48E-03 | 6.33E-06 60




A= WH
Tournament [m)]mk ak Rafael Nadal Roger Federer Andy Murray Stan Wawrinka
Australian Open 2.16E-02| | 1.54E-02 | 1.47E-02 | 9.13E-03 | 3.34E-03
French Open 1.39E-02—» 143E-02 | 7.12E-03 | 4.11E-03 | 3.48E-03(%)
Wimbledon 2.63E-02 | 1.66E-02 C1.91E-02> 1.20E-02 | 3.39E-03
US Open 1.17E-02 | 942E-03 | 7.38E-03 | 4.51E-03 | 2.13E-03
Indian Wells Masters || 12.29E-02 | 1.42E-02 | 1.68E-02 | 1.06E-02 | 2.88E-03
Madrid Open 1.38E-02=>» 1.51E-02 | 6.63E-03 | 3.75E-03 | 3.72E-03
Miami Open 205E02 | [230E-02 | 1.90E-02 | 1.17E-02 | 5.15E-03
Monte-Carlo Masters || 1.19E-02=» 1.53E-02 | 4.46E-03 | 2.27E-03 | 3.92E-03
Paris Masters 7.29E-03=» 9.37E-03 | 2.73E-03 | 1.39E-03 | 2.40E-03
[talian Open 1.19E-02=»/1.84E-02 | 2.78E-03 | 1.00E-03 | 4.87E-03
Canadian Open 1.16E-02 | 240E-03 | 1.11E-02 | 7.32E-03 | 2.42E-51
Cincinnati Masters 1.82E-02 | 143E-02 | 1.17E-02 | 7.17E-03 | 3.20E-03
Shanghai Masters 8.12E-03 | 4.38E-03 | 6.29E-03 | 4.01E-03 | 8.24E-04
The ATP Finals 1.13E-02 | 8.13E-03 | 7.63E-03 | 4.74E-03 | 1.77E-03
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Chronological Order

Tournaments

Australian Open
Qatar Open

Indian Wells Open
Miami Open
Madrid Open
Italian Open
French Open

Wimbledon
Canadian Open
Cincinnati Open

US Open

Pan Pacific Open
Wuhan Open
China Open
WTA Finals

Row Normalization

Column Normalization

6.05E-01

Dubai Tennis Championships -

5.64E-01
5.86E-01
5.02E-01
3.61E-01
1.84E-01
1.86E-01
4.59E-01
9.70E-132
6.12E-01
1.72E-43
1.00E-00.
2.26E-01
1.17E-01

3.74E-26
3.95E-01
1.42E-43
4.36E-01
4.14E-01
4.98E-01

5.41E-01

3.88E-01

6.87TE-67

1.28E-01
1.05E-01
9.47E-02
8.12E-02
7.47E-02
6.02E-02
5.22E-02
2.85E-02
3.93E-02
5.81E-02
5.20E-123
8.04E-02
7.82E-33
1.41E-01
4.67E-02
9.30E-03

3.58E-23
4.94E-02
3.96E-39
4.51E-02
3.79E-02
4.29E-02
6.63E-02
9.04E-02
1.24E-01
4.92E-02
1.36E-01
3.66E-02
1.57E-01
1.60E-61
1.15E-01
5.03E-02
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Players

matrix H'

Serena Williams
Agnieszka Radwanska
Victoria Azarenka
Caroline Wozniacki
Maria Sharapova
Simona Halep
Petra Kvitova
Angelique Kerber
Samantha Stosur
Ana Ivanovic
Jelena Jankovic
Anastasia Pavlyuchenkova
Carla Suarez Navarro
Dominika Cibulkova
Lucie Safarova
Elina Svitolina
Sara Errani
Karolina Pliskova
Roberta Vinci

Marion Bartoli

5.93E-02
2.39E-02
7.04E-02
3.03E-02
8.38E-03
1.50E-02
2.39E-02
6.81E-03
4.15E-04
9.55E-03
1.17E-03
6.91E-03
3.51E-02
2.97E-02
0.00E-+00
5.03E-03
7.99E-04
9.92E-03
4.14E-02
1.45E-02

Total Matches

2.15E-02
1.47E-02
2.43E-02
8.05E-02
3.12E-02
3.42E-02
3.02E-02
3.76E-02
2.60E-02
2.14E-02
1.33E-02
5.19E-06
1.04E-02
3.16E-02
1.99E-02
2.69E-02
2.36E-02
0.00E4-00
1.68E-02

130
126
121
115
112
107
99
96
95
85
79
79
75
74
69
59
58
57
53
39

Learned Transpose H Coefficient Matrix for women
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1. BTL-NMF Algorithm

* Majorization-Minimization Algorithm
* Resolution of Numerical Problems

* Normalization

 Convergence Analysis

2. Experiments Using Real Life Dataset
e Dataset Information
* Runningof Algorithm
 Men Players
*  Women Players

3. Comparison with Mixture BTL

* Qualitative Comparison & Algorithm
* Prediction Task & Result Comparison
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Different number of parameters

BTL-NMF
>k Wikl

Pr(i beats j in tournament m) =

Mixture BTL

Pr(i beats j in tournament ) = Y _ P(k)

Zk wmkhki + Zk wmkhkj

1

K
K
W
K
K

Assignments

N
H
N
H
Foo T



EM algor'ithm 0 = {{P(k)},{/\ki}} Initialization: P©(K)=1/K, randomize /’lgg) nonnegative

((D;0) = ) bilog [;P(k)(ﬂtkﬁi/\ki)]

(i,j)€E
‘ Hard Assignhments
g Aki
((D,K;0) = biid(klij) log [P(k)( )]

E-STEP ‘ Soft posterior Assignments |p')(k|ij) = P(k|ij,68")

| Aki
E-{E(D,]C;Q)\D,Qm} = ; p (k|1]) log [ (k)( )]
; (f,%ég ] Ati + Ak

wsTer| B oY)
k

D(klii ¥~ Y p (k[if)b
pU+1) (k) = Z(i,j)eE bijp( )(k\z]) /\gﬂ) _ Z
Z(z’,j)EE bij j% (Zk p) (klij)bi; + Lk p() (klji)b}-,) W
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Mixture BTL solution = Unstable

Players K=1 K=2 K'=2Trial1 K = 2 Trial 2
Novak Djokovic 2.14E-01 | 7.14E-02 1.20E-01 2.91E-02 3.40E-05 9.42E-05
Rafael Nadal 1.79E-01 | 1.00E-01 | 4.62E-02 | 1.07E-01 2.25E-02 1.47E-05 1.15E-04
Roger Federer 1.31E-01 |BSSES0W 1.33E-02 | 1.53E-01 | 1.11E-02 | 9.29E-03 | 1.83E-05
Andy Murray 7.79E-02 | 6.82E-02 | 4.36E-03 | 1.43E-01 4.39E-03 2.46E-05 1.52E-05
Tomas Berdych 3.09E-02 |[5.26E-02 | 2.85E-04 | 2.37E-12 6.59E-03 6.51E-19 1.60E-05
David Ferrer 3.72E-02 | 1.79E-02 | 4.28E-03 | 4.74E-02 ~1.56E-05

Stan Wawrinka 4.32E-02 | 2.49E-02 4.10E-03_ 6.26E-07 2.11E-05

Jo-Wilfried Tsonga | 2.98E-02 | 3.12E-12 |HEOSESON( 2.03E-01 -
Richard Gasquet 2.34E-02 | 1.67E-03 | 2.97E-03 | 4.98E-04 5.30E-08
Juan Martin del Potro| 4.75E-02 | 8.54E-05 | 4.85E-02 | 4.26E-06 1.90E-05 :

Marin Cilic 1.86E-02 | 3.37E-05 | 2.35E-03 | 1.56E-09 2.12E-03 M 4.11E-06
Fernando Verdasco | 2.24E-02 | 5.78E-02 | 8.00E-09 | 2.75E-17 7.12E-03 6.54E-05 9.72E-07
Kei Nishikori 3.43E-02 | 5.37E-08 | 3.58E-02 1.83E-12 8.58E-03 4.18E-23 1.77E-05
Gilles Simon 1.90E-02 | 7.65E-05 | 5.16E-03 | 5.14E-06 1.31E-03 2.47E-10 4.13E-06
Milos Raonic 2.33E-02 | 2.61E-04 | 6.07TE-03 | 2.07E-07 2.84E-03 3.99E-08 6.00E-06
Philipp Kohlschreiber | 7.12E-03 | 1.78E-25 | 3.55E-03 | 0.00E+00 1.13E-03 7.99E-06 5.0E-324
John Isner 1.84E-02 | 2.99E-02 | 1.75E-08 | 6.93E-02 3.21E-04 1.73E-22 9.47E-06
Feliciano Lopez 1.89E-02 | 1.35E-02 | 3.10E-04 | 3.67E-02 4 93E-04 8.57E-06 1.38E-06
Gael Monfils 1.66E-02 | 5.38E-10 | 6.53E-03 | 6.05E-14 2.85E-03 1.06E-12 4.00E-06

Nicolas Almagro 7.24E-03 | 1.27E-15 | 1.33E-03 | 4.18E-07 2.14E-04 1.04E-14 8.10E-07

Mixture weights |1.00E+00| 4.72E-01 | 5.28E-01 | 4.72E-01 5.28E-01 3.32E-01 6.68E-01

Log-likelihoods -682.13 -657.56 -657.56 -656.47




1. BTL-NMF Algorithm

* Majorization-Minimization Algorithm
* Resolution of Numerical Problems

* Normalization

 Convergence Analysis

2. Experiments Using Real Life Dataset
e Dataset Information
* Runningof Algorithm
 Men Players
*  Women Players

3. Comparison with Mixture BTL

* Qualitative Comparison & Algorithm
* Prediction Task & Result Comparison
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S = subset of the collected dataset D

|S| =~ 10% * |non-zero D

Training on_D’=ﬂ§KS Learned (WH) matrix
In S, If Pr(i beats j in tournament m) > 0.5

1 is predicted to beat j in that match

# correct predictions
|S]

Accuracy =



S, =all the matches played in year k

Female Male
Year | Bri-NwmF accuracy | Mixture BTL accuracy ‘ Sk ‘ Year | Bri-NwmF accuracy | Mixture BTL accuracy ‘ Sk |
2009 0.583 0.583 48 || 2008 0.634 0.634 93
2010 0.541 0.656 61 2009 0.632 0.624 117
2011 0.525 0.537 80 || 2010 0.676 0.667 108
2012 0.581 0.558 129 || 2011 0.716 0.730 141
2013 0.656 0.606 122 || 2012 0.673 0.699 153
2014 0.575 0092 120 || 2013 0.642 0.682 148
2015 0.569 0.612 116 || 2014 0.662 0.655 151
2016 0.494 0.530 83 || 2015 0.740 0.700 150
2017 0.549 0.549 51 || 2016 0.692 0.692 117
2018 0.518 0.428 56 || 2017 0.740 0.740 75
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Future Plans

1. Larger and longer dataset: Greatest Players of all time

2. Epsilon : Bayesian Interpretation?

Thank you!

For future details, please see the full paper at
https://arxiv.org/abs/1903.06500

Datasets and Code:
https://github.com/XiaRuil996/btl -nmf

Will be presented at ECML/PKDD next week
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